§1. ANH XA TUYEN TiNH
1.1 PINH NGHIA

Cho E va F' la hai khong gian véc to trén cung mot trudong K . Mot anh xa

f tir E vao F dwoc goi la tuyén tinh néu né thoa man diéu kién sau:
L : Véimoi u,v € F tacd flu+v) = f(u) + f(v);
L,: Véimoi a € K, voimoi u € E tacod: flau) = af(u)

Tu L, tasuyra: voi 0 € E taco f(0)=0, (0 € F)

That vy: f(u) = f(u +0) = f(u) + f(0) = f(0) = 0.
Ta co thé viét gop hai diéu kién L,, L, thanh:

Anhxa f:E — F la tuyén tinh < You,v, € E\Vay,a, € K ta co:

flogv + apwy) = oy f(v)) + apf(v,)
Mot cach tong quét hon, ta co:
Vv, € ENa, € K, O av) =Y af(v), i =12,...,n.

bicu kién trén noi 1€n rang anh xa tuyén tinh bao toan t6 hop tuyen tinh cua cac
véc to.

Vidu 1: Cho anh xa f: R? — R x4c dinh béi
f(z,y) = 3z — 2y; V(z,y) € R?. Hay chimg t6 rang 4nh xa f 1a tuyén tinh.

Lay 2, (,), (, )va ta co:

c ) > )3 )2 )6 26 2) () ()
( SLUE(R’UT a£ U:QCd %E% ).

fu+v =fa4+cb+d = a+c— b+d = a— b+ c— d=fu+fv
fou =fasab = aa— ab=ao a— b)=af u

Ca hai diéu kién L,, L, déu thoa mén, vdy anh xa f 1a tuyén tinh.

Vi du 2: Xét khong gian P cac da thic c6 bac khong vuot qua n. Cho
anh xa f:P — P xac dinh boi f(v) = v/ (dao ham cia v), voi v € P. Ta thdy

rang 4nh xa f 1a tuyén tinh.
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Véi u,v € Ptaco flu+v) = (u+v) =u + v = flu)+ f(v).
Véi a € R, flau) = (au) = av’ = af(u).

Ca hai diéu kién L,, L, déu thoa mén.
1.2 NHAN VA ANH CUA MQT ANH XA TUYEN TINH

Cho F va F' la hai khong gian véc to trén mot truong K, f 1a mot anh xa
tuyén tinh tir £ vao F.

Pinh nghia 1. Ta goi nhdn ctia 4&nh xa f 1a tap hop céc véc to v cuia F
sao cho f(v) = 0. Taky hi€u nhan cua f 1a ker f.

Nhu vay: ker f = {v,v € E : f(v) = 0}

Tap hop ker f 1a mdt khong gian con cia E. That vay, tap ker f khong
rong vi it nhat né ciing chira phan tir khong f(0) = 0; hon nita néu u,v € ker f,
tac 1a f(u) = 0, f(v) = 0, do f 1a tuyén tinh nén f(u + v) = f(u)+ f(v) = 0, tir
dosuyra u+vekerf.

Vi du: Xét khong gian V' cac véc to hinh hoc. Cho trudc mdt véc to
w €V, véi mdi mot véc to v €V ta xét anh xa f:V — R xac dinh boi
f(v) = ww (tich v6 hudng cua hai véc to u va v). Ching to rang f 1a anh xa
tuyén tinh va tim ker f.

Theo tinh chét caa tich vo hudng ta cé:

floy + ) = u(vy + vy) = woy + vy, = f(vy) + flw);

flaw) = u(av) = o(uv) = af(v)
Vay f 1a anh xa tuyén tinh. Bay gio ta di tim nhan cta anh xa f.

f(v) =0 < wv = 0 < cac véc to phai vuong goc voi véc to u da cho.
Vay ker f 1a tdp hgp moi véc to vudng goc vdi véc to u da cho.

Pinh Iy 1. Anh xq tuyén tinh f la don dnh khi va chi khi nhén cia f chi
chita phan tir khéng. f don anh < ker f = {0}

Tanhic lai anh xa f 1a don anh néu z = y thi f(z) = f(y).

Do d6 v&i v = 0 ta cd f(v) = f(0), nhung f(0) = 0 tlrc 1a v6i moi phan tir
v=0tacd f(v) =0, tasuyra v ¢ ker f, ker f chi chira phan tir khong.
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bao lai, gid su ker f = {0}. Goi u va v la cac phﬁn tir cia £ sao cho ta co
f(u) = f(v). Ta phai ching minh f 1a don anh tirc 1a phai chimg minh v = v.

That vay, do anh xa f 1a tuyén tinh nén: f(u —v) = f(u)— f(v) = 0.

Ta suy ra v —v € ker f. Nhung vi ker f ={0} nén v—v =0 tic la
u="0.

Vay f 1a don anh.

Pinh 1y 2. Gid sir f la mét anh xa tuyén tinh tir E vao F, nhdn cia f chi
chira phcfn twr khong. Khi do, néu vy, vs,...,v, la cdc vée to ddc lap z‘uyén tinh cua
E th f(v), f(v,),....f(v,) ciing ddc ldp tuyén tinh trong F . Nguwoc lai, tao dnh

cua mot hé doc ldp luon doc lap.

Chung minh: Gia su  ay,04,...,a, la  cidc s6 sao cho:

af(v) + aof(v,) + ... + a, f(v,) = 0. Ta phai ching minh
o =0 =...=a, =0 (xem dinh nghia hé véc to doc 1ap tuyén tinh & chuong
2).

Theo tinh tuyén tinh cta f ta cé: flagv, + ...+ a,v,) =0

Tt dinh nghia cua nhan f ta suyra: v + ... + a,v, € ker f

Theo gia thiét ker f =40} nén v, + ...+ a,v, =0

Vi v,0,...,v, doc 1dp tuyén tinh nén tr hé thuc trén ta suy ra
o =0y=..=q, =0.
Vay f(v), f(v,),..., f(v,) doc lap tuyén tinh trong F .
Nguoc lai: Gia s f(v,), f(v,),..., f(v,) ddc 1ap tuyén tinh trong F. Xét to hop
ap, +aw,+...4+av =0. Qua 4anh xa tuyén tinh [ ta co:
f(ozlvl—i—onvQ —l—...—l—anvn):0:>a1f<v1)+042f(1)2)+...—|—oznf(vn): 0. Do hé
f@), f(v,),..., f(v,) ddc lap tuyén tinh trong F néntacd o, =, =...=a, =0
hay h¢ v,,v,,...,v, doc lap tuyén tinh.

Pinh nghia 2. Anh ciia mét dnh xa tuyén tinh f la tdp hop cdc véc to
w € F sao cho ton tai phdn tir vE€ E dé f(v) = w. Ta ky hiéu anh cua f la
Im f.

Im f ={w,w € F:3v e E,fv)=w}.
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Ta co tap Im f la mot khong gian con cua F .
That vay, tap Im f khong rdng, n6 chira phan tir khong ( £(0) = 0).

Néu w,,w, € Im f thi ton tai v,,v, € ker f sao cho f(v,) = wy, f(v,) = w,.

Tu do: f(v, + v,) = f(vy) + f(v,) = wy + w,, t¥cla: wy +w, € Im f

Néu: w e Im f thi coé v € E, f(v) = w. Tir 46: f(aw) = af(v) = aw. Vay
aw € Im f

Dinh ly 3 (dinh Iy nhan - anh).

Gia st f 1a anh xa tuyén tinh tir khong gian véc to E vao khong gian véc to F'.
Néu s chiéu ctia E 13 n, s6 chiéu ctia nhan f 1a ¢ va sé chiéu ctia anh f 1a s
thitacd: n =q+s.

Noi cach khac: dim E = dimker f + dim Im f.

Churng minh: Gia st wy, w,,....,w, la mot co sé cua Im f . Khi d6 co6 cac
véc to vy, Uy,..., v, € E sao cho f(v) =w;,i=12...,5. Goi u,u,,...,u, la mjt
co sO cua ker f. Ta sé ching t6 hé véc to: v}, vs,...,v,, U, Uy, ..., u, 1ap thanh mot
cosocua E.

Vé6i v € E thi f(v) € Im f, ta biéu dién f(v) theo co s& wy, wy,....,w, cua
Im f:

f(v) = zw, + 2wy + ... + 0, =
= 1. f(n) + 2of (1) + ... + 2,f(v,) = f(z0) + 205 + ... + T,0,).
Tur: flv—zv — 20, —... — z,0,) =0, ta suy ra:
V— XU — Ty — ... — T,0, € ker f.
Ta biéu dién phén tir do cua ker f theo co s6 u;, uy,...,u, cua ker f:
V— TV — Ty — ... — TV, = YUy + Yoy + ... + Y, U,
hay: v = zyv; + 20y + ... + T, + YUy + Yotls + ...+ Y,
Hg cac VEC tO vy, V..., Uy, Uy, Uy, ..., U, 14 mt hé cAc phan ti sinh clia E .

Pé ching minh chung lap thanh mét co s ciia E ta chi con phai ching
minh chiing ddc lap tuyén tinh.

Xét t6 hop tuyén tinh:

B6 mon KHCB 67 Gido trinh todn cao cap 1



vy + Uy + .o+, + By + Boy + ...+ Biu, =0 (1)
Tac dong 4nh xa f vao nd va dé y téi tinh tuyén tinh cta f ta co:
Of1f(“1) + 052f(1)2) +...+ Oésf(%) + 51]0(“1) + 52f(u2) + ...+ @f(uq) =0

Vi uy, uy,...,u, € ker f nén f(u) = f(u,) =...= f(u,) =0,taco:

af(v) + ... + a,f(v,) = 0.
Thay w; = f(v;) vao h¢ thuc trén ta dugc:
aqw, + ... + a,w, =0
Vi wy, w,,....,w, 1a co s& nén chung doc lap tuyén tinh, do do ta suy ra:
=0 =..=aqa,=0 (2)
Thay vao (1) ta duoc: By, + Byuy + ...+ Bu, =0

Vi uy, u,...,u, 12 co sé nén chiing doc 14p tuyén tinh, tir hé thirc trén ta suy ra:

fi=p0=.=05=0 3)

Céc két qua (2), (3) ciing v6i (1) ching to cac véc to vy, vy, ..., Uy, Uy, Us, ..., u,
lap thanh mft co s& cua E. Dbitu @6 chimg to

dim F = s+ ¢ = dimker f + dim Im f.
Dinh 1y da duoc ching minh.
1.3 MA TRAN VA ANH XA TUYEN TiNH

11 Qrp yp
. ) Qo1 A op,

Cho ma tran A loai (m xn): A=
Ay G A,

Xét cac khong gian véc to R" va R™. Ta biéu dién cic véc to cia khong
gian d6 bang cac véc to cot. Vo1 moi1 v € R" ta xac dinh anh xa:

f:R" — R" xéc dinh bsi f(v) = Av

(khi nhan mot ma tran loai (m x n) v&i ma tran cot loai (n x 1) (d6 1a mot phan

tlr cia R"), ta dwgc mot ma tran cot loai (m x 1) (d6 1a mot phan tir cia R™)).

Bang phép tinh ma trn ta thdy rang anh xa f 1a tuyén tinh:
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Véi u,v € R” ta co: flu+v)=Au+v)=Au+ Av = f(u) + f(v);
Vi sd o ta co: flau) = Alau) = aAu = af(u)

Goi z,,y,...,x, la cac toa do cua véc to v trong R"; 4y, 9s,-..,¥,, 1a cac toa
do cua véc to f(v) trong R™ theo cac co so da chon trudce trong cac khong gian

d6 ta co thé viét biéu thirc f(v) = Av dudi dang ma tran:

h Q1 Qi ... Qg I

Yo Qo1 Qg ... Qo Ty
= X

ym a’ml a’m? ee amn xn

Nhu vy, cho mot ma tran A loai (m x n) ta c6 thé xac dinh duoc mot 4nh
xa tuyén tinh tir mot khong gian m — chiéu vao mot khong gian n — chiéu, anh
xa do dugc xac dinh bdi f(v) = Av, voi v 1a véc to cot thugc R". Ma tran A
duoc goi 1a ma trdn ciia dnh xa tuyén tinh f trong cdc co sé di chon cia R™ va
R™.

Nguoc lai, cho mdt anh xa tuyén tinh f: R" — R™ thita co thé tim dugc
ma tran cua anh xa do trong cac co s¢ da chon cua R" va R™.

Gia su: (e, e,,...,e,) la mot co sé cua R"; (f, f,..., [,) 1a mt co s& cua
R™.

Véive R" tacd: v=ume + T + ... + T,€,
Do f 14 anh xa tuyén tinh nén:
f(U) - f(xlel + L9y + + xnen) = xlf(el) + x?f(GQ) + + xnf(en) (4)
Vi f(e)), f(es),..., f(e,) 1a cac véc to thugc R™ nén ta c6 thé biéu dién chung
theo co s (fi, foy--vy [ :
f(el) = allﬁ + a’21fé + ...+ A1 Jm
f(ez) = pofi + apfo + oo+ Apaf

f(en) - alnfl + a?n.}g + + amn,fm

Thay céc gia tri vira nhan dugc vao vé phai cua (4) ta dugc:
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f(v) = (an®; + Ty + ... + alnxn)fl + (%15171 + g%y + ...+ ay,x,) fo +

(5)
+-- . + (a/mﬂEl + am2x2 + see + a’mnwn)fm

Mét khéC Vi f(’U) € Rm I'lél’l: f(’U) = ylfi + y2f2 + + ymﬁn (6)
Do f(v) dugc biéu dién mét cach duy nhét qua co s& (f, f,..., f,), nén tir
(%), (6) ta suy ra:
Y1 = 0Ty + Q% + ...+ AT,

Yo = ATy + ATy + ... + Gy, T,

ym = Gy + Q0T + + Ay Ty

C6 thé viét két qua trén dudi dang ma tran:

Uy ap;; A ... I
Yo Qo1 Qo Aoy, Lo
= X
ym aml am? (X amn xn

Y =AX

Ta da xac dinh duoc ma tran ctia anh xa do.

Nhu vdy, néu f 1a 4anh xa tuyén tinh tr R" viao R™ va (e,e,...,e,),
(f,, fos--s fn) 1an luot 14 cac co sé da cho ciia R" va R™ thi ma tran cila 4nh xa
f1a mot ma tran loai (m xn) cd céc phan tir nam trén cot thir j 1 cac toa do
ciia véc to f(e;) tinh theo co s& da cho cia R™.

Vidu: Goi P, 1a khong gian cac da thirc c6 bac khong vuogt qua n . Xét anh
xa f tu P, vao P, xac dinh boi f(v) =o' v6i v € Py va o' 1a dao ham cua v.

Nhu ta da biét anh xa doé 1a tuyén tinh. Ta tim ma trn cua né trong céc co
s z3,2% x,1 cia Py; 2% x,1 cia P,. Ta phai tim anh cta cac véc to co sd cua

P; trong P,.

Ta co:
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Vay ma tran ciia anh xa nay la: A =

o O W
S N O
— o O
o O O

1.4 MA TRAN CHUYEN CO SO
Gia st B ={e,...,e,} va B’ ={ef,...,e/,} 1a hai co sO trong cung mot
khong gian véc to E c6 sb chiéu 1a n.
Ta biéu dién cac véc to e/,..., e, theo cac véc to ctia co sd B
el = ape + ane + ... + aye,

!
€y = G196 + Q9€y + ... + Qy06,

(7)

[
€, = 01,6 + 5N + + Ay, €,

Dinh nghia: Ma tran:

all a12 see aln

a21 a22 see a12n
P =

Ay Qo cee Oy

ma cot tho j 1a cac toa do cua véc to e} theo co s¢ B duogc goi 1a ma tran
chuyén co so tir co s& B sang co sd B’.
Giastve L.
Goi zy, T,,..., T, la cac toa do cuia véc to v theo co s6 B
Goi z{,25,..., 2! 1a cac toa dd cuia n6 theo co so B’
Ta can tim cong thirc lién hé gitra hai toa do do.
n I n n / n n /
v=) wel = lengaijei =YD a;Tle; )
j=1 j=li= =1 j=1

Mt khac, biéu dién v theo co sd B ta co:
v = inei 9)
i=1

So sanh (8) va (9) ta duoc: 7, = S a,zl; i=12...,n
=1

B6 mon KHCB 71 Gido trinh todn cao cap 1



il Z
Ly T ,

bat X = X! = va P la ma tran chuyén ¢ trénta co: X = P.X' (10)
T, !

Ta cht ¥ rang & trén ta dd chuyén tir co s B sang co so B’. Khi d6 ma
tran chuyén 1a P va ta co cong thic (9). Ta ciing ¢ thé chuyén tir co s B/
sang co sO¢ B. Nhu vdy ma trdn P phdai la ma trdn kha nghich va ta co:
X'=P'X
VAy ma tran chuyén tir co s¢ B’ sang co s& B 1a ma tran nghich dao P~
Vi du 1: Xét hé toa d0 truc chuan Ozy trong mit phiang. Quay hé truc nay
mot goc o ta duge hé truc Oz'y’ . Lap cong thirc chuyén toa do tir hé Ozy sang
hé Oz'y' .
Goi e, e, 1a cac véc to don vi trén céc truc sb Oz, Oy;
el,e) 1a cac véc to don vi trén cac truc sé Oz, 0y, ta co:
e = e cosa + e, sin o

e =e cos(% +a)+ e Sin(% + ) = —e, cosa + e, sin a.

Vay ma tran chuyén tir hé Ozy sang Oz'y’ la:

[cos a —sin a]

sina cos«

/

x x!
Te X = PX' voi X :[y],X’ [ ] ta suy ra:

x =1’ cosa — y' sinq;
y=z'sina + y' cos .
Vi du 2: Cho khong gian R* vé6i co sd chinh tic:
e, = (1,0,0,0),e, = (0,1,0,0),e; = (0,0,1,0),e, = (0,0,0,1)
Ta xét mot co s¢ moi:

61’ = (0717171)7e£ = (1707]‘71)7e§ = (171707]‘)764/1 = (17]‘7170)
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Lap cong thuc chuyén tir cac toa d chinh tac z,,x,,z;,z, cia mot véc to
v € R* sang cac toa dd xz{, 25, x}, z} cia véc to do theo co s& mdi.

Ma tran chuyén co s& 1a ma trdn c6 cac cot la cac toa do cua cac véc to
e1,e’, el e} theo co so chinh tac. Ta co:

T 0 1 1 1™

Ty 1 0 1 1|z}

z| (11 0 1|a
Tt d6 suy ra:

T = Ty + xh + 1z}

Ty = @] + xb + 7]

v=a+a, 4

x, = + )+ 2}

1.5 MA TRAN CUA ANH XA TUYEN TiNH KHI CHUYEN CO SO

Cho 4nh xa tuyén tinh f: E — E, A 13 ma trin cua 4nh xa f ddi v6i co so
B cua E. P la ma tran chuyén tur co SO
B ={e,,...,e,} sang cas6é B’ = {e],...,e,}. Khi d6 ma trdn cua anh xa f trong
cosd B’ séla A’. Ta tim mdi lién hé giita A va A’.

Dang ma trin cta anh xa f ddi véicosd B la: Y = AX

dbivoicoso B la: Y/ = A’ X/ (11)
Vi P 14 ma tran chuyén tir co s¢' B sang co s& B’ nén:
X =PXY =PY'
Tr do ta co:
PY' =Y = AX = APX':
ta suy ra: Y'= P 'PY' = P'APX'.
So sanh véi (11) ta duwge: A’ = P'AP.

Ta di t6i két qua sau:
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Pinh Iy: Néu A va A’ la hai ma trdn cia mét dnh xa tuyén tinh f tir
khéong gian E vdo chinh né doi véi hai co sé B va B', va néu P la ma trdn
chuyén tir co' sé B sang co sé B thi: A/ = P~'AP

Pinh nghia: Hai ma tran A va A'sao cho co mot ma tran kha nghich P
thod man hé thirc A' = PAP duwoc goi la hai ma trin dong dang.

Nhu vay, cdc ma trgn cua cung mot anh xa tuyén tinh f tir E vao chinh no
trong cdc co sé khdc nhau thi dong dang véi nhau.

Vi du: Xét anh xa tuyén tinh tir R® vao chinh né duoc cho bdi ma trén:

A=

S =
—_ O =
—_ = O

d6i voi co sd chinh tic trong R?, e, = (1,0,0), e, = (0,1,0), e; = (0,0,1)

Phép chuyén sang co s méi B’ duge cho boi:
€] = e + 2 + e
e, = 2e, + e, + 3e;
el =e +e +e
Tim ma trin A’ cua 4nh xa theo co s& mdi va cho biéu dién cta anh xa dé
theo toa do trong B’

Ma tran chuyén tir co s& chinh tac sang co s¢ B’ la:

1 21 -2 1 1
P=(2 1 1|.TacoP'=|-1 0 1
1 31 5 -1 -3

1 3 0

Tudo: A/ =P'AP=|0 1 0

4 -2 2

Biéu thirc ciia anh xa tuyén tinh trong co s¢ B’ 1a:
yl = o + 313
Y=AX" & {y) =}
yh = 4x] — 2z} + 22}
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Chii y: Anh xa tuyén tinh tir khong gian véc to E vao chinh nd con duoc
goi 1a phép bién ddi tuyén tinh. Mot s6 phép bién hinh ma chung ta d3 duoc hoc
& chuong trinh trung hoc nhu phép quay mot diém xung quanh gbc O mot goc
o, phép vi tu tim O ty s6 k, phép ddi xtng qua mot truc toa dg,...déu 1a cac
phép bién dbi tuyén tinh.

Chang han, cac ma tran cia phép quay mot diém xung quang gbc O mot
goc o va cta phép dbi ximg qua truc Oy 1an luot 1a:

(cosoz —sin« -1 0
tsina cosa | 0 1
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f(w) = Avva f(v) = nv

M=n& A—nv=0dov=0nén A =1

b, Trdi lai, mét gid tri riéng co thé lién két véi nhiéu véc to riéng.

That vay, néu A 1a mot gia tri riéng lién két voi véc to v thi f(v) = \v

Gia sir k& 1a mot s6 khac khong, do anh xa f 1a tuyén tinh ta co:

f(kv) = kf(v) = k(Av) = A(kv)

diéu d6 chimg to6 kv ciing 1a véc to riéng Gmg véi gi tri riéng \
2.2 PA THUC PAC TRUNG

Cho phép bién do6i tuyén tinh f: E — F. Gia st A 1a ma trdn cua phép
bién ddi d6 theo co sd e, e, ...,e,. Ta ky hiéu véc to riéng v € E duéi dang ma
tran c6t X thi dang ma tran cia biéu thirc f(v) = v sé la:

AX =XX hay A— X)X =0 (12)

Trong d6 I 1a ma trin don vi cing cap véi ma tran A.
Ta duoc mot hé n phwong trinh tuyén tinh thuan nhét.
Theo quy tac Cramer, néu det(4 — X\I) = 0 thi hé c6 nghiém tim thuong duy
nhat X = 0.
Vay dé hé (12) c6 nghiém khac khong thi can va da 1a: det(A — \I) =0
Cac gia tri riéng Acua ma tran A hay cua anh xa f la cac nghiém ctua phuong
trinh: det(A —A) =0 (12”)

Pinh nghia: Dinh thirc det(A — \I) la mét da thire bdc n doi véi \. Ta

goi no la da thirc dac trung cua ma tran A; phuong trinh (12°) la phwong
trinh dic trung cua A (hay cua anh xa f).

6 2

9 3" Hay tim cac

Vi du 1. Cho 4nh xa f: R?> — R? bdi ma tran: A = [

gia tri riéng va véc to riéng cua no.
Ta c6 phuong trinh ddc trung:
6—-A 2

det(A-AD=|

—(6-NB-A)—4=X -9\ +14=0
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Giai phuong trinh bac hai d6i véi \ ta duge: \, =20 =7

Pé tim véc to riéng lién két voi gia tri riéng A, = 2 ta giai hé thuan nhét:

(A-N)X =0
/ . 4X1 + 2.',U2 == 0
tac la: % 4w =0

Hé d6 twong duwong voi phwong trinh: 2z, + 2, = 0. Co thé cho z, =1 khi d6

ta cO x, = —2. Véc to riéng ung vai gia tri riéng A =2 la v, = (1,—2)
Pé tim véc to riéng Gmg v4i tri riéng \, = 7 ta giai hé phuong trinh:

—:L'1 + 2.’1:2 - 0
2.’1;'1 — 4$2 — 0

H¢ tuong duong véi z; — 2z, = 0;choz, = 1thi suyra x; = 2
Véc toriéng ing véi A, =7 1a v, = (2,1)

Vidu 2. Tim cac gia tri riéng va véc to riéng cua ma tran:

Phuong trinh déc trung:
2—X -1 1
det(A=A)=| -1 2-X —=1[=(1-=-N[2-X1)*=-11=(1-X*B3=-X)=0
0 0 1-X
N6 c6 nghiém kép A\, =1 vanghiém don \; = 3

Ta xét phuong trinh (A — X)X =0

.rl - .7;2 + I3 - 0
Vé’l )\172 = 1 ta Cé —Il + .CUQ - 333 — 0
.T3 — 0

T dd 25, =0, cothécho 7, = 2, =1

Véc to riéng ng voi A\, =1 1a v, = (1,1,0)
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—:El—:EQ—f—:Eg = O

Vé,l )\3 — 3 ta Cé —:I?l — 332 — $3

T d6 25 = 0, cothé cho 7, = Lo, = —1
Véc to riéng g v4i Ay = 3 1a v, = (1,—1,0)
2.3 PUA MA TRAN VUONG VE DANG CHEO

Ta xét anh xa f tir £ vao chinh n6. Gia sir ma tran A cua anh xa c6 n tri
riéng thyc khac nhau. Ta s€ ching to trong truong hop do n véc to riéng ung
voi n tri riéng s€ 1ap thanh mot co sé cua F.

Pinh 1y: Gid sit f la mét anh xa tir khong gian n chiéu E vdo chinh né.
Néu cdc tri riéng M\, Xo,...,\, ciia [ doéi mot khdc nhau thi cdc véc to riéng

twong ung cua chung v,,v,,...,v, ldp thanh mot co so cua E'.

Churng minh: Do s0 chiéu cua E 1a n nén ta chi con phai chimg minh n
véc to vy, vy,...,v, doc 1ap tuyén tinh.

Gia str hang cua hé véc to v;,vy,...,v, 1a 7 véi r < n (tic 1a s6 véc to doc
1ap tuyén tinh 16n nhat ctia hé 1a 7). Khong mat tinh tong quat ta co thé gia thiét
d6 1a r véc to dau v, vy,...,v, . Khi d6 cac véc to con lai s& 1a t6 hop tuyén tinh

cua r véc to do: v, = v, + v, + ... + @0, (13)
Do f 14 4anh xa tuyén tinh nén:
f(n) = auf(v) + o f(vy) + ... + . f(v,)
Cac v, la cac véc to riéng nén f(v;) = \v;, ta co:
Ai1Ur 1 = QAU + XUy + ..o + A,
Thay v,., boi (13):
Al + vy + .o+ ) = Ny + oty + ..+ o\,
Tir d6: ay(My — A0y + oAy — M)y oo+ sy — Ao, = 0

Vi cac véc to vy, v,,...,v, dOc 1ap tuyén tinh va cac )\, d61 mdt khac nhau

néntasuyra: ¢y =y, =...=a, = 0.
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Thay vao (13) ta duoc v,,, = 0. Piéu nay mau thuan véi gia thiét v,,, 1a
véc to riéng. Mau thudn d6 xuat phat tir chd ta gia thiét » < n. Vay phai ¢
r=mn.

n véc to vy, v,,...,v, doc lap tuyén tinh ctia khong gian n chiéu E 1ap thanh

mot co s¢ cua khong gian d6. Pinh 1y da dugc ching minh.

Bay gio ta tim ma trdn cua anh xa tuyén tinh f theo co sé vy, v,...,v, 1a n
véc to riéng cuia khong gian do.

Do:
f(rul) — A1/01 = (>\1707"'70)
f(vy) = Avy = (0, N,...,0)

Ma tran cua anh xa la ma tran chéo:

N 0 .. 0
0 X% .. O
D =
0 0 .. A\

Trong trudng hop ndy ta ndi ma trdn cia dnh xa tuyén tinh A da dwoc
chéo hod. Nhu vy muén chéo hod mét ma trgn A ta phdi ldy mét co sé ciia
khéng gian E gom n véc to doc lap tuyén tinh ciia ma trn do.

Néu P la ma tran chuyén tir co s& e, e,,...,€, sang co sO vy, v,,...,v, cua
khong gian E thitheo 1.4taco: D= P 'AP

Nhu vay, moi ma trgn vuong cap n A co n gia tri riéng khdac nhau ting
doi thi dong dang voi ma trdn chéo D co cdc phan tir nam trén dwong chéo
chinh la cac gia tri riéng cua A.

Vi du: Hiy chéo hoda ma tran A va tim ma tran chuyén P .

1 4
A=12 0 —4
-1 1 5

Da thirc dac trung:
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1-X 1 4
det(A—AD)=| 2 -\ —4|[=1-NA-2)A-3)=0
—1 1 5-—AX

Ma tran A c6 3 gia tri riéng phan biét: A, = 1L\, =2,A3 = 3

Ma tran chéo phai tim la:

[
S N O
w O O

D¢ tim ma tran chuyén ta phai tim cac véc to ri€ng ing voi cac gia tri riéng do.

:1:2 + 4:1:3 = 0
Véi N =1taco {2z, —x,—4z; = 0= =02, =—4x;, X5tuyy
-, +x,+4x; = 0
Chon z; =1 tasuyra z, = —4

Véc to riéng iung voi A =1 1a v, = (0,—4,1)

-1, + 2, +4z; = 0
V(,)’l )\2:2taCé 2.%1_2.12_4.%3 — 0:>$3:0,$1:$2:1
—I +x2 +3x3 = 0

Véc to riéng ung véi A, =2 la v, = (1,1,0)

-2, + 2, +423 = 0
Vé’l )\3 — Bta Cé 21’1 - 3.7}2 - 4.7}3 0 = :I/'Q — 0, l’l — 2:1/'3
_'/1;1 + .7;2 + 2./];3 — 0

Cho z; =1tasuyra z; =2
Véc to riéng ung voi \; = 3 la vy = (2,0,1)

Ma trén chuyén P la ma tran c6 cac cot 1a toa d0 ctia cac véc to riéng v;, vy, vg

0
P=|14
-1

e R S
=

néu tinh ma tran nghich déo cua P ta co6:
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C6 thé nghiém lai rang: D = P'AP

Chu y: Piéu kién da thire dic trung bac n c¢6 n nghiém phan biét chi la
mot diéu kién du dé chéo hod mot ma tran. Trong trudng hop da thire dic trung
c6 nghiém bodi nguoi ta dd chimg minh duoc ring néu van tim duge n véc to
riéng doc 1ap tuyén tinh thi ta van c6 thé chéo hoa dugc ma tran A.

2.4 CHEO HOA TRUC GIAO

1. Khong gian véi tich vo hudng

Trong khong gian R" cho hai véc to u = (2, Z5,...,2,); v = (Y1, Yoy, Yy)
Pinh nghia: Tich vé huong cia hai véc to u va v, ky hiéu la v la mot sé
thuec:

UV = LY, + TolYy + ... + 2,0,
D¢ dai hay chudn ciia mot véc to u 1a: Il = vau
Hai véc to u, v 14 truec giao néu uo = 0
Hai véc to u,v 1a truc chuan néu ching tryc giao va c6 do dai béng don vi
wo = O;liull = il = 1

Vi du: Céc véc to cla co s chinh tic trong R®:
e, = (1,0,0),e, = (0,1,0),e; = (0,0,1) 1a cac véc to truc chuan.

Ta chl ¥ rang tap cac véc to truc chuan trong R” 1a doc 1ap tuyén tinh.

That vay, gia st v}, v,,...,v, 1a cac véc to tryc chuan. Ta co:

iami =0& (; ozivz-).’uj =0& Z%’Uﬂj + avv; =0 (14)

1=]
Do cac véc to v; true giao nén vv; = 0 vOi 1 = j
Do cac véc to v; tryc chudnnén vv; =1 voi i = j

Tu (14)tasuyra: a;.1=0=a; =0
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Lan luot cho j cac gia tri 1,2,...,n ta s€ c6 moi a; = 0. Di€u do chimg t6 cac
véc to vy, vy,...,v, doc 1ap tuyén tinh.

2. Chéo hoa truc giao

Pinh nghia: Neu ma tran A co n véc to riéng truc chuan thi viéc chéo
hod ma tran A dwoc goi la chéo hod truc giao.

Trong truong hop d6 ma tran chuyén tir co so {e,e,,...,e,} sang co so
{v, vy,...,v,} s€ thod man diéu kién:

0 khi 1=j
VU

_ 1
TN ki o= (15)

Ta c6 thé coi cOt v, cua ma trdn chuyén P 1a hang th ¢ cia ma trin
chuyén vi P’ nén tich vo huéng v,v; chinh 1a phan tir & vi tri (i, §) ctia ma tran
tich P'P . Do (15) ta thiy rang ma tran tich c6 cac phan tir nim trén duong chéo
chinh bang 1 con cac phan tir khac bang khong, d6 1a ma tran don vi.

Vaytaco: PP =1

Mit khactaco: P~'P =1 tasuyra: P' = P!

Pinh nghia: Ma trgn P co tinh chat: chuyén Vi no ta dwoc ma tran nghich
dao, dwoc goi la ma trdn truc giao.

cos  -Sino
Vidu: Ma tran P =

. 1a truc giao vi:
sina cosa

— P—l

cosa sin«o
P! =

—sina  cosa

Gia st A 1a ma tran chéo hoa truc giao dugc.
Khi d6 ton tai ma tran tryc giao P dé: D = P 'AP
Tuw d6 suyra: A= PDP~' = PDP!
Theo tinh chat chuyén vi ctia ma trn tich ta co:
At = (PDP") = (P")D'P" = PDP' = A
Piéu d6 c6 nghia 1a ma tran A phai la ma tran d6i xtng.

Nhu vay, néu ma trdn A co thé chéo hoa truc giao dwoc thi no phdi la ma
tran doi xiurng.
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Ta thtra nhan rang, nguoc lai néu ma tran A 1a ma tran doi xung thi no
chéo hoa truc giao dugc.

Dé minh hoa di€u d6 ta xét ma tran sau:

7T =2 0
A=|-2 6 -2
0 -2 5

N6 12 ma tran d6i xtmg. Phuong trinh dic trung:
T—X =2 0
det(A—X)=| -2 6-—X —=2[=X—18\?4+99\ —162=0.
0 -2 H-=A

Taco3tririeng \ = 3\ =6,)3 = 9.
Céc véc to riéng ung voi cac tri riéng do la:
v =(1,22),v, =21-2),v; = (—2,2,—1)
Ta co: v,v, = v = vy, = 0, cac véc to do tryc giao. Bay gio ta chuan
hoa chung (ttrc 1a dwa cac véc to d6 vé cac véc to don vi).

_ b _ 122 _ % _ 21 =2 Y (=22 =1
Ry Rk S S AN A £ S AN Y R RE AR

Ma tran chuyén tir co s¢ chinh tac sang co s¢ gdm cac véc to truc chuan
Vi, Vs, Vs la:

LoD oo Lol
Wl— ol

Dé dang kiém chtng rang P'P =T .

Ma tran chéohoacua A 1la D =

o O W
o o O
o O O
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§3. DANG TOAN PHUONG
3.1 DANG SONG TUYEN TINH
Tap hop cac s6 thuc R duoc coi la mot khong gian véc to trén chinh no.

Pinh nghia: Mot dnh xa tuyén tinh f tir khéng gian véc to X vao R dwoc
goi la mét dang tuyén tinh déi véi = € X .

Xét tich Pé - cac X x X, d6 1a tap céc cap (z,y) voiz € Xy € X
Mot anhxaf: X x X — R dwoc goi la mot dang song tuyén tinh néu né la mét
dang tuyén tinh doi véi © (coi y la khéng doi) va la dang tuyén tinh doi véi y
(coi © nhw khéng doi).

N6i cach khac, anh xa f: X x X — R la dang song tuyén tinh néu:
VX X1, Loy Yy Y1y Yo € X, Vo, a0 € R :
flonm + apmy, y) = auf(1,y) + 0 f(2,y)
[z, 0qp1 + o) = auf(@,91) + cuf (2, )

Vi du: Xét tich vo hudng cua hai véc to trong R®. Tur c4c tinh chat da biét
cua tich vo hudng ta co:

(aquy + ) v = ay(ugv) + ay(uyw);

oy, + auy) = oy(uy) + ay(u,).
Vay tich vo huéng trong R? 1a mot dang song tuyén tinh.
Mot dang song tuyén tinh f la doi ximg néu va chi néu:

fla,y) = fly2);Ve,y € X
Mot dang song tuyén tinh f la xdc dinh dwong néu va chi néu:
flx,2) > 0; f(x,2) =0 2 =0
Tich v hudng noi trén 1a mot dang song tuyén tinh doi ximg va xac dinh
duong.

Xét dang song tuyén tinh: f : X> — R

Gia st X la khong gian c6 so chicu hitu han 1a n va U = {u,, uy,...,u,} 1a

mot co so cua X .
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n n
Taco: x = Z»’Uzumy = Z%‘“J
i=1 J=1

n n

Kmmxﬂ%w:fgqm%zwmﬁ: z:f (s, )y,
i= Jj=

i=1 j=1

bat a; = f(u;,u;) va coinod la phan tir & vi tri (4, §) clia mot ma tran A thi

hé thirc trén c6 thé duoc coi 1a tich cua 3 ma tran:

Qi1 Q2 .o A\ (Y1

Aor  Agy ... A9y || Yo
f(xa y) = (xhx%'“axn)

anl an2 arm yn

Ma tran A = (a;;) dugc goi 1a ma trdn ciia dang song tuyén tinh f .

Ta thira nhan rang mét dang song tuyén tinh la doi ximg khi va chi khi ma
trdn ciia né la doi ximg.
3.2 DANG TOAN PHUONG

Xét dang song tuyén tinh d6i xtng:
f(:E, y) — Z; / 1a,ij$i£€j, Vél aij — aﬁ
=1 j=
Khi thay z bdi y ta s€ dugc dang toan phuong.

Pinh nghia: Mot dang toan phwong trong R" la biéu thirc ¢é dang:

n n
flz,x) = lelaijxixj, VOi ¢ = (2, 29,...,2,) € R" vaa; = a;
i=1 j=

Ta ky hiéu dang toan phuong ciia bién z 1a Q(z)
Vidu:
Dang toan phuong trong R? la:
Q(x) = a1, + 20,57,T5 + ATy
Dang toan phuong trong R? la:
Q(T) = an T + a9y + 33757 + 20150,T5 + 205,35 + 2693774

Dang ma tran ctua dang toan phuong la:
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Aop  Qgp ... Qg |[T2

Q2) = (21,2, 00s,)|

voi ma trdn A 1a ma tran ddi xung.

Dang chinh tic ciia dang toan phuong

Néu ma trgn A cia dang toan phwong la ma trgn chéo, tirc la a; =0 voi
i = j thi ta c6 dang chinh tic cia dang toan phwong:
anT? F GyTs® + .o+ Gy,

N6 chi chira cac s6 hang binh phurong ma khong chtra cac s6 hang chir nhat
Tx; VOl = j.

Rt gon modt dang toan phuong tic 13 duwa né vé dang chinh tic, diéu do c6
nghia phai dwa ma tran ciia dang toan phuong vé dang chéo.

Do ma trdn A cta dang toan phuwong 13 ma tran d6i xtmg nén néu né c6 n
tr1 riéng thyc phéan biét thi n véc to riéng tuong trng cua chiing s€ 1ap thanh mot
co so truc giao va ta cé thé dua co s& d6 vé co sé truc chuan. Nhu vay ma tran
A cua dang toan phuong s€ chéo hoa truc giao dugc.

Ta s& xét xem khi thuc hién phép chuyén co sé cua dang toan phuwong da
cho vé co s& truc chuan 1ap boi cac véc to riéng thi ma tran A cua dang toan
phuong s& thay d6i nhu thé nao?

Ta c6 dang toan phuong xuat phat véi ma tran doi ximg A:
Q(x) = X'AX, trong d6 X 1a ma tran cot

Chuyén sang co s& mdi 1ap thanh tir cac véc to riéng thi ma tran chuyén co
s& P la ma tran tryc giao.

X = PX' = X' = (PX') = (X)'P' = (X')/P!
Tur do: Q(z) = (X')'P-'APX’

Nhung P~'AP chinh la ma tran chéo c6 cac phan tir nam trén duong chéo
chinh la céc gia tri riéng ).

Ta duoc dang chinh tic cia dang toan phuong 1a:

X'DX =3 Nal? = Naf® + Mzt ...+ \z!?
=1
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Nhu vay muon dua mdt dang toan phuong vé dang chinh tac ta phai
chuyén co s¢ da cho cua dang toan phuong vé co s& gdom cac véc to riéng truc
chuan; khi do6 céac hé so trong dang chinh tac s€ la cac gia tri riéng.

Vi du: Pua dang toan phuong sau ddy vé dang chinh tic va tim ma trdnn
chuyén ctia nd. Q(z) = 5z,% + 8,7, + 51,2

5 4
Ma trdn A cua dang toan phuong: A = [4 5];

Phuong trinh déc trung:
5—A 4

L 5 F0E A -16=0= 0 =10 =9

Vi tri riéng A, = 1 ta ¢6 véc to riéng (1,—1), chuan hoa né ta dugc

-

Véi tri riéng A, = 9 ta ¢ véc to riéng chudn hod v, = (%,%)
1 1
Ma tran chuyén co so la: P = \/51 ‘/15
22

Dang chinh tic cila dang toan phwong 1a: Q = zf2 4 9z}2
C6 thé nghiém lai rang phép chuyén co so noi trén chinh 1a phép bién doi:

1 1

x :ﬁxll + ﬁxé

.7;2 — _TQ]_III + %le
Thay z,,2, vao dang toan phuong da cho ta s& dua dugc né vé dang chinh
tac nhu trén.
Vé mat hinh hoc, phép bién d6i d6i voi ma tran P & trén 13 phép quay trong
mit phang xung quanh géc O mdt goc _TW . Nhu vay néu trong mit phang ta co

duong cong cho bdi phuong trinh 522 + 8zy + 5y — 9 = 0 thi phép quay noi

. 12
trén sé dwa phuong trinh d6 vé dang z’* + 9y’> — 9 = 0 hay ‘%2 - yT =1.Ta
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dugc phuong trinh chinh tic cua duong elip trong hé truc toa dd Ox’y’ nhan
duoc do quay hé truc toa d0 Oxy mot goc _TW

Vi du 2: Tim phép bién ddi dé dwa dang toan phuong sau vé dang chinh
tac: Q(z) = Tx,2 + 63,2 4 5xy? — 4wyxy — 4z

Ta viét ma tran A cua dang toan phuong va da thuc dic trung
det(A — \I):

7T -2 0 T—A =2 0
A=|-2 6 =2|; det(A—X)=|-2 6-X —-2|=0
0 -2 5 0 —2 5-A

Céac gia tri rieng 14 N, =3\ =6, = 9. Cac véc to riéng chuan hoa

tuong Ung la:

(122, (21 2y, (.22 1
vl_(3’3’3)’“2_(3’3’ 3)’”3—< 33 3)
1 2 =2
3 3 3
Ma tran chuyén: P = % % %
2 =1 -1
3 3 3
Phép bién doi:
551:%551/4—%%2,—%1‘3/
Ty = %551/ ‘f‘%%/ —f—%m/

2 2 1

/ / /
Z’3:§Z’1 —§$2 _3373
Dang chinh tic ctia dang toan phuong da cho 1a:

Q = 3z,"2 + 622 + 92,

Chii y: Dang chinh tic cia mot dang toan phuong khong phai duy nhét.
Ngoai viéc chéo hod truc giao ma tran A nhu da mé ta ¢ trén nguoi ta con co thé
dung cac phuong phap khac dé dwa mot dang toan phuong vé dang chinh tic. Ta
tro lai dang toan phuong da xét trong vi du 1:

Q(x) = bz,® 4 8z, + Hx,°
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Ta c6 thé bién doi:

Q = 5(z" + %371«’132 + %5’722) + 51, — %1’22 = 5(z; + %@)2 + %xf

bat & == +%x2;£2 = 1, tacd: ) = HE,? +%§22
Ta dugc mot dang chinh tic khac ctia dang toan phuong da cho.

3.3 DANG TOAN PHUONG XAC PINH DUONG

Pinh nghia: Mot dang toan phirong dwoc goi la xdc dinh dwong néu voi
moi © = 0 thugc E ta c6 Q(x) > 0.

Trong truong hop nay ma trdn A cua dang toan phuong ciing duoc goi la
ma tran xac dinh duong.

Bang cach thay X bai cac véc to thude co sé chinh tic ciia F ta sé suy ra:

Néu Q la dang toan phwong xdc dinh dwong thi a; >0 véi moi
i =12,...,n. Trong truong hop ma tran A cua dang toan phuong co6 n tri riéng
phan biét 13 s6 duong, dang chinh tic cta nd zn; ANz A\ > 0, dang toan phuong
la xac dinh duong.

Bay gio ta s€ phat biéu mot diéu kién can va du dé mot dang toan phuong
la xac dinh duong. Gia str ma tran cua dang toan phuong la A. Tur dinh thic cua
ma tran A ta trich ra cac dinh thirc con cap k :

app Qg ..o Gy
Qa1 Qo ... Qg ) R .

A, = v6i k lan lugt bang 1,2,..., n.
A1 Q2 oe Qg

Céc dinh thuc A, duogc goi la cac dinh thirc con chinh cdp k cua ma tran A.

Ta cong nhan két qua sau:

Néu moi dinh thirc con chinh ciia ma trdn A déu dwong thi dang toan
phuong voi ma tran A la xac dinh duong.

Vi du 3: Dang toan phuong da xét trong vi du 2 1a xac dinh duong vi no6 cé
ba gia tri riéng duong. Néu xét cac dinh thirc con chinh cua A thi ta co:
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A1:7;A2:

Ca ba dinh thtrc con chinh déu dwong nén dang toan phuong 13 x4c dinh duong.
Vi du: Dang toan phuong:
32,2 + 2% + by + dmyxy — 8115 — 42014
khong xac dinh duong vi ma trdn A cua n6 c6 chira mdt dinh thirc con chinh:

3 2

Ar=ly

=-1<0

Mot dang toan phuong Q 1a xdc dinh dm néu dang toan phuong —Q 13 xac
dinh duong.

Néu ma tran ctia Q 13 A thi ma trdn cia —Q 1a —A. Khi tinh cac dinh thirc
con chinh cdp & thi bang cach dwa ddu — ra ngoai dinh thirc ta thay rang néu k
13 s6 chin thi dinh thtrc con chinh cdp k cta A va —A s& nhu nhau, con néu k
1a s6 1¢ thi dinh thirc con chinh cap 1é cia A va —A 14 trai diu nhau.

Tu do6: Mot dang toan phwong la xac dinh am khi va chi khi moi dinh thic
con chinh cdp 1é déu am, moi dinh thirc con chinh cdp chan déu dwong.
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BAI TAP
5.1 Trong cac 4nh xa f : R®* — R sau day, 4nh xa nao 13 tuyén tinh?
a) f(z,y,2) = 3z + 2y — 5z;
b) f(2,y,2) = 5z — 3y;
¢) f(z,y,2) =10z + 4y — 3z + 1

5.2 Xét tap hop F cac ham s lién tuc trén [a,b]. V&i mdi ham v € F' ta xét anh
xa l:F — Rvii I(v) = jv(x)dx. Chimg minh rang I 1a 4nh xa tuyén tinh.
5.3 C 1a khong gian véc to cac sd phtrc. Xét anh xa f: C — C xac dinh boi
Véi z =z + iy € C; tacé f(z) = (a + bi)z, a,b 1a cic s6 thuc. Chimg to rang f
la anh xa tuyén tinh va tim ma tran ctia anh xa do.
5.4 Trong khong gian véc to R* cho co s A = {(— 1, 1),(1,—1)}. Trong khong
gian véc to R? cho co s& B = {(0, 1,1),(1,0,1),(1,1, 0)}. Hay tim ma tran ctia 4nh
xa tuyén tinh f: R? — R® xéc dinh nhu sau:

a) f(z,y) = (2,9, + y);

b) f(z,y) = (0,2 + g,z —y)
5.5 V6i mdi da thitc P(z) c6 bac khong vuot qua 3 ta cho twong ung da thic:
Q(x) = 2z + )P(z) — (> — 1)P'(x), voi P'(z) 1a dao ham cua P(z).

a) Chimg minh rang anh xa f: E5 — E,, v6i E,, E, lan luot 1a cac khong
gian cac da thirc khong vuot qua 3 va 4, xac dinh nhu trén 13 mot anh xa tuyén
tinh.

b) Chirg minh rang f 1a don anh.

¢) Cac khong gian E; va E, dugc quy veé cac co sO Lz,z%z® va

1z, 2% 23 x*, hdy xac dinh ma trdn cta anh xa f.

5.6 Trong R? cho co s& chinh tic e, = (1,0,0);e, = (0,1,0);e; = (0,0,1).
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Xét phép bién ddi tuyén tinh f : R* — R cé matran: A =

—_ = O
_ O =
S ==

Tinh cac thanh phan 2’,y/, 2’ ctia f(v) theo cac thanh phan z,y,z cia v.
Chung t6 rang f 1a song anh va tinh z,y,2z theo z’,y/,2’. T d6 suy ra ma
tran nghich dao A~'.

5.7 Trong khong gian cac da thic c6 bac khong vuot qua 3 quy vé co sd
L, x? 2*, taxét dathac P(x) =1+ x + 2* + z°.

a) Chirng minh rang cac da thac P, P/, P” P""" 1ap nén mot co s& mdi cia

khong gian dang xét.
b) Lap ma tran chuyén H tir co so 1,z,22, z* sang co so P, P’,P", P'" .
¢) Q(z) 1a mot da thirc bat ky.
Ta dat: Q(x) = ay + o,z + ax® + azx® = bP + b P’ + b,P" + by P
Tinh: ay,a,,ay,a5 theo by, by, by, b; va nguoc lai. Suy ra ma tran H .

5.8 Ta xét mot anh xa f: R* — R* cho tuong (mg mdi phan tir (z,v,21) cua
R* véi phan tir (z + 5,y — 2,2 + 2) cia R*. Chung to rang f 1 4nh xa tuyén

tinh. Tim mot co s& cua Kerf vacua Im f.

5.9 Tim cac tri riéng va cac véc to ri€éng clia cac ma tran sau:

Ly 1 1 4 11 3
Lol |20 4 15 1
-1 1 5 31 1

5.10 Tim céc tri riéng va cac véc to riéng ciia phép bién doi tuyén tinh trong R2
' = bx + 4y

duoc cho boi:
y' =8z + 9y

5.11 Tim tri riéng va véc to riéng cua phép quay trong khong gian xung quanh

truc Oz mot goc %

5.12 Pua cac ma tran sau vé dang chéo va tim ma tran chuyén:
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2 2 2 1 -1 -1

2 4 202 ; -1 1 -1
2 22 1 -1 -1 1
210
5.13 Chung t6 rang ta khong chéo hoa duge ma tran: [0 1 1
0 2 4

5.14 Ching t6 rang cac ma tran dong dang c6 cung phuong trinh dic trung.

5.15 C6 thé chéo hoa truc giao cac ma tran sau duoc khong? Néu dugc hiy tim

5 4 1 2 —4
ma tran chuyén tuong tng: 4 5]; 2 =2 =2
-4 -2 1

5.16 Cho X la khong gian cac ham lién tyc trén [a,b]. Xét anh xa f: X? — R

b
xac dinh boi f(u,v) = f u(t)o(t)dt v6i u,v € X . Ching to rang f la dang song

a

tuyén tinh. N6 ¢6 ddi xtng, c6 xac dinh duong khong?
5.17 Cho X la khong gian thyc R*. Xét anh xa f: X? — R xac dinh boi:
f(,y) = @y + 2oy — T3y VO & = (21,29, 23);4 = (Y1, Y2 Ys)-
Chung té rang f 1a dang song tuyén tinh va tim ma trin A cta no trong co so:
B ={(0,1,1),(1,0,1),(1,1,0)} cua R?

5.18 Pua cac dang toan phuong sau vé dang chinh tic va chi ra phép bién ddi
tuong Uing.

a)Q(z) = x° — 1,7 + 22,7,V3;
b)Q(z) = 23, + 41,2 + 2> + daymy — 242m25 + 42y
c)Q(x) = 62,2 + 3x,* + 3z5* + 4z, — 81,4

5.19 Tim dang cua duong c6 phuong trinh:

22 — y? + 203zy — 201 + V3)z — 2(1 — V3)y + 2.
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CHUONG 6
HAM SO VA GIOI HAN

§1. HAM SO MOT BIEN SO

Céc dai lugng ma ta gdp trong thuc té thuong 1a cac dai lugng bién thién,
nghia 14 chung nhén cac gia trj thay d6i trong qua trinh khao sat. Co thé xay ra
truong hop mot dai lugng tuy bién thién nhung gia tri cia nd lai phu thudc vao
mot dai luong bién thién khac. Thi du mot chiée xe 6 to chay trén dudng véi van
tdc khong dbi. Quing dudng xe chay dugc (dai luong bién thién s) phu thudc
vao thoi gian chay xe (dai luong bién thién ¢). Néu toc d6 cua xe 12 v thi quing
duong s duoc xac dinh theo thoi gian ¢ bdi cong thirc s = vt. Néu biét ¢ thi ta
xac dinh duogc gia tri cua s mdt cach duy nhét.

Quan hé phu thudc gitta s va ¢ nhu trén dugc goi 1a quan hé phu thudc
ham sd.

1.1. PINH NGHIA HAM SO MOT BIEN SO

Cho tap hop s6 thuc R. Mot 4nh xa f tt R vao R duoc goi la mot ham
s6 thuc ciia mot bién sb thuc, hay mét ham s6 ctia mot bién sd. N6i cach khac,
v6i mdi mot bién s thuc 2 ta cho twong tmg véi mot s6 thuc duy nhat theo mot
quy tic f nao d6 thi ta noi 1a ta d3 xac dinh mot ham sb f.

Phan tir = dugc goi 12 bién s doc 1ap. Phan tir y twong Gng véi z duoc
goi 1a gia tri cia ham sd tai , ta thuong ky hiéu 1a f{x) va viét y=f(x).

Tap hop tat ca cac sb thuc = ma ta c6 thé xac dinh duoc y theo quy tic f
da cho duogc goi 1a mién xé4c dinh ctia ham sd f.

Néu tap hop A C R 1a mién xé4c dinh ctia ham s6 thi tap hop tat ca cac s6
thuc y sao cho y = f(z) v6i z € A duoc goi 1a mién gia tri ciia ham s6 (d6 chinh
la tap anh cta f). Hay {f(z): = € A} 1a mién gi4 tri cia ham so.

Vi du: Cho ham s6 y = v9— 22 thi mién x4c dinh A cua ham s6 1a tap hop tat
ca cac s6 thuc z sao cho 9—22 > 0, tic1a — 3 < z < 3. Mién gid tri ciia ham s6
1a tap hop mot s6 thuc y sao cho 0 <y < 3.

1.2. PO THI CUA HAM SO

D¢ c6 mdt hinh anh hinh hoc vé mot ham so, ngudi ta tim cach biéu dién
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no trén mat phéng toa do, tirc 1a mot mat phéng trén do c6 xac dinh hé truc toa
do Ox,0Oy (thuong la vudng goc).

Véi mdi mot 2 thude mién xac dinh A ctia ham sd ta cho twong ung voi
mot diém cé toa do (z,y), voi y= f(x), thudc mat phang Ozy .

Tap hop tat ca cac diém (z,y) v6i moi = € A dugc goi 14 do thi cia ham
sb y = f(z).
Vi du: trong biéu dién d0 thi cua ham s6 f:A— R xac dinh boi
f(x) = —z3 + 22 + 1 trong hai truong hop:

A = {-1,0,1} (tap hgp A chi gom 3 diém)

A=R (A latap hop cac sd thuc)
Trong truong hop thir nhat mién gia tri cia ham ciing chi gom 3 diém:
y = f(=1) = 05 = f(0) = Ly, = f(1) = 2. Do d6 dd thi ctia ham sé f chi c6 3
diém.
Trong truong hop thtr hai, mién gia tri cia ham 1a R, d6 thi cia ham s6 1a mot
duong cong lién tuc (d6 1a duong parabol bac 3 — hinh 8).

g
\T ,

Hinh 8

1.3. HAM SO NGUQC VA PO THI HAM SO NGUQC

Xét ham sb f: A — B, tic 1a v6i mdi z € A twong tng véi modt y duy
nhit thuoc B. Néu f 1a song anh, tirc 12 véi mdi y € B c6 twong tng duy nhét
mot z € A, thi f s€ c6 mot anh xa nguocla f~': B — A. Khi d6 tandi f' la
ham sd ngugc ciaham f . Vady f: A — B & f1:B— A

Khi d6 trén mit phang toa d6 Ozy, néu diém M c6 toa do (z,y) véi
y = f(z) thudc d6 thi ham thuan f thi diém M’ c6 toa do (y,x) sé thudc dd thi

ham s6 ngugc f~'. Néu cac don vi chon trén cac truc 1a nhu nhau thi cac diém
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M va M’ s& d6i xting v6i nhau qua duong phén giac y =2 .

Do thi ciia ham [ va ham ngwoc f~' la doi ximg nhau qua dwong thang
y==z.
Chit y: khi viét ham nguoc ciia ham y = f(z) dudi dang = = f~'(y) thi y 1a bién
s6 doc lap. Pé thuan tién cho viéc trinh bay trén cung mdt hé truc toa do ta luon
coi bién z 1a bién doc 1ap (Ung véi truc hoanh) con bién y 1a bién phu thudc
(Gtng voi truc tung). Khi d6 ta s€ ky hi€éu ham nguoc ciia ham y = f(z) 1a ham
y=[").
Vi dy: ham y =2z +1 ¢6 ham nguoc la = = (y —1) /2, nhung ta ky hi¢u lai
lay = (z—1)/2. Ta viét:

f:R— R flx)=22+1

flUiR— R fl(2) =15

1.4. CAC HAM SO CAP
1.4.1. Ham da thirc

Ham f: R — R xac dinh bo1 f(z) = apz” + a,2" ' +... 4+ a,, vO1 n 1a mot
s6 nguyén duong, ay,...,a, 14 cac hing sb thuc, duoc goi 14 mdt ham da thirc.
Ham da thic xac dinh voi moi sé thue  va 13y gia trj thuc.

Sau day la dang dd thi cia mot s6 ham da thire:
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1.4.2. Ham phdn thvrc hivu ty

Ham f: R — R xéc dinh boi f(z) =

, V6i P(z) va Q(x) 1a cac ham da
thirc, dugc goi 1a ham phan thirc hitu ty.

Néu N, 1a tap cac khong diém ciia Q(x), tic 1a Ny = {z € R: Q(z) = 0}
thi ham phan thtre hitu ty f(z) c6 mién xac dinh 14 tip hop R\ N,.

Trong chuong trinh trung hoc ta da xét d6 thi ctia cac ham phan thuc hitu

R _ar+b. . _ar’+br+c
Wy =5 Y= w+d Y= prtgq

D) thi caa cac ham phan thire hitu ty 13 dudong hypebol.
1.4.3. Ham s6 mi
Ham s6 mii co s6 a v6i a>0vaa=0 1a ham f: R — R* xéac dinh boi
f(z) = a*. Ham s6 mil xac dinh v6i moi s6 thuc = va chi 14y gia tri riéng.
Néu co s6 a>1 thi ham mii tang, nghia la: vo1 z; < x, tacé a™ < a™.
Néu co s6 a <1 thi ham mil ting, nghia 1a: véi 2, < z, tacé a® > a® .

Néu co s6 a=e (e 1a co sd vo ty va c6 gia tri gan ding 1a 2,71828) thi ham mil
co sd e duoc goi 1a ham exponent, ky hiu 13 exp(z). Vay exp(z) = e”.
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a>l1

Hinh 10. D6 thi ham mil y = o* vaham y = log, z

Trong viéc nghién ctru sy phat trién ciia mot quan thé sinh vat khi thoi
gian ting theo cip sb cong ma s luong quan thé ting theo cip sb nhan, tic 1a &
thoi diém ban dau (lac ¢ =0) s6 lwong quan thé 1a m,, lac t=1 s6 lwong quan
thé 1a myq (g 1a mot héng sb nao do, cong bodi cua cap sb nhan), lac ¢ =2 thi sb
luong 1a myg®,..., 6 luc ¢ thi ) lugng quén thé 1a myq' . Dat ¢ =e”,a la mot
hang s6 nao d6 thi sé luong quan thé m & thoi diém ¢ s& duge xac dinh nho
ham mi:

m(t) = mee™ = mg exp(at)

Mot hién tugng phat trién nhu trén dugc goi la phat trién theo luat mil. Ta
thudng gip hién tuong d6 khi xét cac quan thé doc 1ap va nhitng diéu kién hét
strc rong rai (khong bi han ché boi ngudn thic an, vé dia 1y cu trd,...).

1.4.4. Ham logarit

Nhin trén d6 thi ham mii ta thiy: voi mdi s6 thue z c6 twong tng véi mot
s6 thue duong y duy nhat va nguoc lai vi mdi sb thue y co tuong tng vi mot
s6 thue z duy nhat. Diéu d6 c6 nghia 1 ham mii 1 song anh, do d6 né c6 ham
nguoc.

Ta goi ham nguwoc ciia ham mii la ham logarit co s6 a , ky hiéu 1a log, =,
ham nay x4c dinh trén tap cac so thuc duong va lay moi gia tri thuc.

f:R" — R, f(xr) =log,
Nhu vay céac biéu thirc sau 13 twong duong:
y=log,zr & rx=a',x € R",ye R

Logarit co s6 10 dugc goi 1 logarit thdp phdn, ky hidu 14 1gz = log,, .
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Logarit voi co sb e duoc goi 1a logarit népe hay logarit tw nhién, né duoc ky
hiéu la: Inz = log, =
Dung céc tinh chét cua logarit ta c6 cong thirc d6i co sb trong logarit sau:
_log, x
log, * = Tog, b
Ching han mudn chuyén tir logarit thip phan sang logarit népe ta dung cong
thirc:

Iz = B2 vi lge ~ 0,4343 hay {1~ 2,3026
ge lge

Ta da biét logarit co rat nhiéu tng dung. Trong viéc tinh toan, khi ta
chuyén cac sb sang logarit ciia ching thi phép tinh nhan dugc thay thé bang
phép tinh cong, phép tinh chia dugc thay bang phép tinh trir, nhd vay rit ngin
dugc thoi gian tinh toan.

Khi v& d6 thi ham sé nguoi ta thuong dung gidy ké 6 vudng. Gidy ké 6
béan logarit 14 loai gidy ké 6 ma trén d6 thang dung trén truc Oz (truc hoanh) 1a
thang don vi d§ dai thong thuong, con thang truc tung Oy duoc ghi theo logarit
ctia don vi d6 dai, chang han & chd ghi s6 2 ta phai hiéu d6 1a 1g2. Khi biéu dién
d6 thi ham mily = e** ta bién d6i nod thanh lgy = (alge)z va dung gidy ké 6 ban
logarit thi ta s& duogc dd thi 1a mot duong thang. Nhu vay dé kiém tra xem giira
hai dai lugng bién thién 2 va y c6 su phu thudc theo quy luat mii khong ta bicu
dién cac diém (z,1gy) trén giéy ké 6 ban logarit, néu cac diém nhan duogc Xép X1

thang hang thi ta c6 thé chip nhan quy luat mil gitta z va y .
1.4.5. Ham luy thira

Ham f: R — R dugc xac dinh boi f(z) = z°, véi a 1a héng s6 thuc, dugc
g0i 1 ham luy thira tuy thudc vao sd thuc a.

V6i a=mn, n la so nguyén duong, thi ham y = z" 1a ham luy thua
nguyén va xac dinh trén R.

V6i a = —n, n 1a s6 nguyén duong, thi ham y =z 1a ham luy thua
thap phan va né xac dinh trén R\ {0}.

V&i o =1/n, n 1a sb nguyén dwong, thi ham y = z'/* 1 ham can thuc,

n6 xac dinh trén R néu n chan va trén tap R néu n 18.
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| k=3 (K2

\\ I . __k=-] X;

2 4 6 8

Hinh 12. Ham luy thira y = z* véi gia tri & khéc nhau.

Chii y: Khi nghién ctru sy phu thudc gitta hai dai luong bién thién = va y, néu

giita ching c6 hé thirc y = bz* thi bang phép bién d6i logarit ta duogc:
lgy =lgb+klgzx
néuditY =1lgy, X =lgz, B = lgb thita co:
Y=kEX+B
day lai 1a mot duong théng trong hé toa do néu ca hai truc co thang logarit.
1.4.6. Cac ham luwong gidac
Trong chuong trinh trung hoc ta da dinh nghia cac ham luong giéc.
Cac ham y = sinz,y = cosz xac dinh trén tap s6 thuc R va léy gia tri trong
[—11].
Ham y = tgz xdc dinh v&éi moi gid tri = = 2k + 1)m /2.
Ham y = cotgz xac dinh v6i moi gia tri = = kr, chung ldy céc gia tri thuc.
Cac ham y = sinz,y = cosz 1a cac ham tuan hoan véi chu ky 27, nghia la:

sin(2kw + z) = sinz, cos(2kw 4+ x) = cosz, Vk € Z,Vzx

Cacham y = tgz, y = cotgz 13 ham tuan hoan véi chu ky =.

tg(x + k) = tgz, cotg(x + k) = cotgx
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y=cosx
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o =2
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L 4

y=cotgx

Hinh 13. Db thi cac ham luong giac.
1.4.7. Cac ham lwong gidc nguoc
Ham y = sinz xét trén R khong 1a don anh (do nd tudn hoan), do d6 nd
khong 1a song anh. Tuy nhién, néu ta han ché mién x4c dinh cua né trén khoang

[—%,%] thi no6 1a song anh, né ¢6 ham nguoc 1a f!, ta goi ham ngugc cia nod la
ham arcsin.

=11 - [—%,%], fY(z) = arcsinx

nhu vay ta co:
Yy =arcsinzr & x = siny

_ ._ T i

Tuong ty, ham f:[0,7] — [-1, 1], f(z) = cosz la song anh, ham ngugc cia nd
la: =11 — [0,7], f(x) = arccosx

Yy = arccosx <~ T = COS Yy

—1<z<L0<y<m

Ham f: (—%,%) — R, f(z) = tgz cling la song anh, n6 c6 ham ngugc la:

f1R = (=5.5), f(z) = arctga
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Ham song anh f: (0,7) — R, f(z) = cotgz cb anh xa ngugc la:
f:R— (0,7), f(z) = arccotgz

Vay ta co:
y —arctgr & v = tgy Yy = arccotgx < xr = cotgy

—oo<x<+oo,—%<y<% —co<r <400, 0<y<m

Do thi ctia cac ham lugong gidc ngugc dugc v€ bang cach lay doi xtng qua
duong phan gidc y =z d6 thi cac ham lugng gidc tuong ung thudc mién xac
dinh han ché ctua chung.

Céac ham so luy thira, ham mi, ham logarit, cdc ham lugng gidc va céc
ham nguoc cua chung duogc goi 1a cac ham so cap co ban. Ham s6 dugc tao tir
cac ham s0 so cap co ban nho cic phép tinh dai s6 va phép hop ham dugc goi 1a
ham so so cap.

Vi du: cic ham da thirc, cac ham hitu ty 1a cac ham so cap;

Asin(az + B),e* sinz,e” ~* cos(ax +b),... cling la cac ham so cap.

1.5. HAM CHO BANG THAM SO
Khi nghién ctru sy phu thudéc ham so giita hai dai luong 2 va y ta cling
hay gip truong hop ca z va y déu phu thudc vao mot bién thir ba ¢.

z=(t), y = P(t) *)

Khi d6 v6i mdi ¢ ta xac dinh dugc mot diém (z,y) thudc mit phang, khi ¢
thay d6i (trong mién xac dinh cua cac ham ¢,¢) thi diém (z,y) vach nén mot
duong L nao d6. Cip phuong trinh (*) duoc goi 1a phuong trinh tham sé cua
duong L.

Vi du: Cap phuong trinh z = acost,y = bsint,0 < ¢ < 27 biéu dién duong elip,
vi khi khir tham s6 ¢ ta dugc:
x—Q—i—y—Q = cos’t+sin’t =1
a’> b N

Bay gid ta xét xem cdp phuong trinh (*) khi nao biéu dién ham y = f(z).
Gia sir cac ham ¢,¢) xac dinh trong mién G . Khi d6 mién xac dinh cta
ham f(z) 1a tdp hop moi gia tri clia ham = = ¢(t),t € G, tic1a D = ¢(G). Néu

ham y 13 song anh thi véi mdi z € D ta tim dugc duy nhat mot ¢ € G,
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t = ¢ (z), va véi ¢ 40 ta xac dinh dugc mot y duy nhét theo ham y = (t).
Nhu vy, néu ham ¢, xac dinh trong mién G va ¢ 13 song anh trén G

thi: z = @(t), y = ¢(t),t € G biéu dién mot ham sd. Ta goi ham sé d6 cho bang

tham s0.

Phuong trinh dudng elip néi trén z = acost,y = bsint biéu dién hai ham:

V61 0 <t <7 ham z = acost 1a mdt song anh. Ta c6 ham:

y:% [2 — 22

Vo1 m <t <27 tac6 ham: y:—gx/aQ—xQ

§2. GIOI HAN CUA DAY SO
2.1. PINH NGHIA DAY SO

Mot ham f: N — R xdc dinh trong tdp hop cdc $6 tw nhién N dwoc goi
la mét day so.

Ta dit u, = f(1),u = f©2),...,u, = f(n),... s6 u, dugc goi 1 sé hang tong
quat ctia diy s6. Ta ky hi¢u day s6 1a {u,}. C6 thé xac dinh day sb bang cach:
a) Cho céng thirc tong quat: w, = f(n)
Vi du: Cho diy sb u, = aq"', voi a va ¢ 1a cac hang sd. P6 chinh 1a mot day
s6 nhan a,aq,aq’,...,aq",...
b) Cho cong thirc truy chung, chéng han: w, = a,u, = f(u,_,)
Vi du 1: Cho diy sé u, =2, u, = 2+ u, , . D6 1a ddy

V242 + V2,42 + V2 +42, ...

Vi du 2: Cho diy s6 Fibonasi v, = u, = Lu, = u, , +u, ,. Do ladiyl, 1,2, 3,
5,8, 13,...

2.2. GIOI HAN CUA DAY SO
Vi du m¢ dau: Xét s6 thuc @ = 1/3. Ta c6 thé biéu dién gan dang thiéu sd a
bang day sb: u, = 0,3; u, = 0,33;...; u, = 0,3...3 (n s 3), hodc bicu dién gin

dung thira bang day sé v, = 0,4; v, = 0,34;....; v, = 0,3...34 (n—1 s6 3).
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Ta nhan xét rang hiéu u, — a hoac v, —a vé tri tuyét ddi khong vuot qua
10" . Bang céach ting n ta ¢ thé lam cho hiéu d6 nho di bao nhiéu ciing dugc.
Piéu d6 c¢6 nghia 1a néu e 13 mot s6 dwong cho trudc, bé tiy v, thi ta co thé tim
dugce sb nguyén N sao cho véi moi n > N taludn c6 | u, —a |< . Khi do $6 a

duoc goi 1a gidi han cua day ) {u,}.

Dinh nghia: day s6 {u,} dwoc goi la co gioi han la a néu véi moi € >0 cho

trueoc, ta co thé tim duwoc mot so N > 0 sao cho voi moi n > N ta luén co:

lu, —al< e
Ta ky hiéu: 111:{1 U, = a hay w, — a khi n — +00
n—-+00

Néu day {u,} c6 gidi han 14 a thi ta cling n6i diy {u,} hoi tu téi a .

Vi du: xét day s6 cho béi u, = ”TH

Ta thay rang diy s6 d6 hoi tu tdi 1 vi | u, —1 |= ‘”TH - 1‘ = %
Véi moi € > 0 cho trude, muén c6 | u, —1|< e thi chi viée Iy n > 1 1a duge.
Nhu vy ta chon N 14 sb nguyén 16n nhit co gia tri nho hon hodc bing %
Ching han néu cho & = 0,003 thi - = 333,3. Ta chi vigc ldy N =333 thi v6i moi
n> 333 (tirc 1a ké tir s6 hang thtr 334 tro di) ta ¢ |, —1 |< 0,003.
2.3. CAC PHEP TiNH VE DAY HOQI TU
Dinh Iy: néu day {u,} héi tu t6i a, day {v,} hoi tu téi b thi

1) Day t(fng {u, +v,} hoi tutoi a+0b

2) Day tich {u,.v,} hoi tu toi a.b

3) Day nghich ddo {1/v,} héi tu t6i 1/ b véi diéu kién b = 0

4) Day thuong {u, /v,} héi tu t6i a /b véi diéu kién b = 0

Ta s& ching minh cho tinh chét (1), cac tinh chat con lai dugce chimg minh
tuong tu.

Vi u, — a nén theo dinh nghia cua gioéi han, cho trudce s6 e /2 ta tim
dugc s6 N, sao cho véi moi n> N, tacd |u, —a < /2. Viv, — b nén véi s6

€ /2 nbi trén ta tim dugce s6 N, sao cho véimoi n> N, tacod |v, —a < /2.
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Goi N =max(N,,N,) thi véi moi n > N taco:
lu, —al<e/2valv,—al<e/2

Khi d6 vo1 moi sO € > 0 cho trudc ta da tim dugc s6 N sao cho vd1 moi
n >N taco:

| (uy +0,) = (@ +0) | (w, —a) + (v, =b) [ u, —a [+ ]v, —b) [<e/24+c/2=¢
Pidu d6 ching t6 (u, + v,) — (a +b).
2.4. HAI TIEU CHUAN DU PE DAY HOQI TU

Khong phai day sb nao ciing hoi tu, ching han ddy u, = (—1)" ma céac gia
tri ciia nd 1an luot 1a -1 va 1 khong tién téi mot gidi han nao ca.

Dudi day ta s& phat biéu hai tiéu chudn ma nho d6 ta co thé biét duoc mot
day da cho 1a hi tu.
Tiéu chudn 1: Cho ba day {u,},{v,} va {w,} sao cho
v, <u, <w, (1)
Khi d6 néu cdc day {v,} va{w,} cung hoi tu t6i a thi day {u,} ciing hoi tu toi
a.
Ching minh:
Do v, — a nén vé1 ¢ > 0 ta tim dugc N, dé Vn > N, tacé v, —al< e
(2)
Do w, — a nén voi € > 0 ta tim dugc N, dé Vn > N, tacé |w, —al<e (3)
Goi N = max(N,,N,) thi khi n> N cac bat dang thic (2) va (3) cung xay ra.
KéthQ’pVéri (Htacd: —e<v,—a<u,—a<w,—a<e
Nhu vay, voi € > 0 cho trudce ta tim dugc sb N sao cho véi moi n> N ta co:
|lu, —al<e
Piéu d6 chimg t6 day {u,} hoi tu téi a . n
Trude khi phét biéu tiéu chuan thir hai, ta xét thém maot vai khai niém:
Day {u,} duoc goi la don diéu tang néu VYn,m van > mtaluon cé u, > u,,.

Day {u,} duoc goi la don diéu giam néu ¥Yn,m va n > m taluodn c6 u, < u,,.

B6 mon KHCB 105 Gido trinh todn cao cap 1



Vi du: day cho boi u, = nLJrl la day tang, day cho bdi v, = % la day giam.
Day {u,} dwoc goi la bi chdn trén néu moi sé6 hang trong ddy, ké tir mot sé
hang ndo dé tré di, khéng vuweot qud mét hang sé A ndo do.
Day {u,} dwoc goi la bi chin dwéi néu moi s6 hang trong day, ké tir mot so
hang ndo dé tré di, khéng nhé hon mét hang sé B ndo do.
Tiéu chudn 2: moi day tang va bi chan trén thi hoi tu. Moi day giam va bi chan
duoi thi hoi tu.
Ta khong ching minh tiéu chuan nay.

Vi du: xét diy s6 cho béi u, = (1 + %)"
Ta s& chirng minh rﬁng day {u,} tang va bi chan trén.

that vay, ta khai trién u, theo nhij thirc Newton:

un:(1+%)”:1+%%+n(n2!—1)#Jrn(n—i:l)))!(n—Q).#ijjLn(n:lll)..1 nl“
W TERTRECISA SPEY IS W

Thay n bdéi n+1 thi:

T Y T R I R N R

Do: 1—% < 1—# vOol moi k=12... tasuy ra u, <u,,.,, tec la day {u,}

tang.
Mitkhac: 1—-L<1Vinenu, <2+ +L 4 4L
k 21 3! n!
~ . 1 _ 1 11 _
Honnira: 7y = 55— <555 =51, "k =23
.. 1,1 1 1,1 1
Do do: u, <2+35 7+~--+27<2+§ gttt
Tong o+d Ly 4 L4 = /2 _ 1 vi la tong ctia mot cdp s6 nhan
gttt teTt =120 .

Iui vo han.
Vay u, < 3.

Tém lai day {u,} tdng va bi chén trén bdi 3 nén theo ti€u chuén 2 thi n6 hdi tu.
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Dinh nghia: Gioi han cua day u, = (1 + ﬁ)n duoc goi la so e.

lim (1+2) =e

n—+00 n

Ngudi ta chimg minh duoc rang s e 1a sb vo ty. Gid tri gan dung cta n6 voi 5
chit s6 thap phan 13 2,71828. S& e dugc dung 1am co sb cho mot hé logarit
(logarit népe). Rat nhiéu cong thirc toan hoc ciing nhu k¥ thuat duoc biéu dién
nhod sd e.

2.5. GIOI HAN VO CUNG CUA DAY

Khi xét day {u,} hoi tu t61 a,a 1a hitu han (—oco < a < +00). C6 nhiing
day ma ké tir mot sb hang nao d6 tré di, moi s6 hang trong day déu 16n hon hodc
nho hon mot sé bit ky cho trudce co tri tuyét ddi 1on tiy y. Khi d6 ta néi 1a day
c6 g161 han vo cung.
Dinh nghia:

Day {u,} ¢6 gi6i han +oo néu véi moi s6 M >0 cho trude, ta c6 thé tim

duoc sé6 N >0 sao cho véi moi n> N ta c6 u, > M. Ta viét u, — +oc.

Day {u,} co gioi han —oo néu voi moi s6 M >0 cho trudc, ta co thé tim

duoc so N >0 sao cho voi moi n> N ta co u, < —M. Ta viét u, — —o0.

Vi du: diy sb cho boi u, = n? c6 gidi han 1a +o0.
Ta chimg minh duoc rang:
Néu u, — +oo,v, — +oo thi u, + v, — 400; u,.v, — +00
Néu u, — —o0,v, — —oo thi u, + v, — —00; UV, — +00
Néu u, — +oo,v, — —oo thi u,.v, — —00
Néu u, — a > 0,v, — +oo thi u,.v, — 400
Chu y: Néu u, — +00,v, — 400 thi hiéu (u, —w,), thuong % duoc goi la cac
n
dang vo dinh. Néu u, — 0,v, — oo thi u,.v, cling la dang vo dinh.

Trong vi€c tinh gidi han, khi gdp cac dang vo dinh ta phai tim cach kha
chung di (xem §3).
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§3. GIOI HAN CUA HAM SO
3.1. PINH NGHIA GIOI HAN KHI z — a

2(z* —1)
z—1

Vi du: xét ham s6 f(z) =
Ham s khong xéac dinh tai = = 1. Tuy nhién vdi cac gia tri cia = kha gan
1 ta thiy cac gia tri cua f(z) twong Gng khac 4 rit it va ta c6 thé tim duoc nhiing
khoang du nho chura 1 sao cho véi moi x thudc khoang d6 thi hiéu | f(z) — 4 |
nh¢ bao nhiéu ciing dugc. Khi d6 ta néi ham f(z) c6 gi6i han 1a 4 khi 2 déan t6i
1.
Dinh nghia: ham f(x) c¢é gidi han la h khi x dan téi a néu véi moi € > 0 sao
cho

36 =6()>0deVr:0<|z—aléthi | flz)—hl<e

(t5n tai mét s6 6 dwong chi phu thuoc vao ¢ ma voi moi x thuoc lan can 6 cua
diém a thi | f(z)—h|< €)

Ta ky hiéu: lim f(z) = h

r—a

2Az® —1)
— =4

Tro lai vi dy trén, ta ching minh rang: lim
Tr—

That vay, cho trudc ¢ > 0 bat ky (chang han ¢ = 0,001) ta cin x4c dinh s6
6 > 0 sao cho khi:

9(z* — 1)

0<z—1éthi
x—1

—4‘<5

2_
Do z =1 nén Az’ —1)
r—1

—4‘=|2(x+1)—4|:2|:1:—1|<25

. 2 _
néu chon 6 = ¢/2 thitaco 2(;_ 11)

—4‘<26:5

Vay Ve > 0,36 = /2Vz: 0 <z —1|< dthitacod | flz)—4 < €.

3.2. CAC TiNH CHAT CUA GIOI HAN

DPinh Iy 1: néu ham f(z) > 0 trong mét lan cdn cua diém a va lim f(z) = h thi
h > 0.

Thay vay, tu dinh nghia cua gidi han ta co:
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| f@)—h|lke=>h—e< flx)<h+e

néu h <0 thi ta c6 thé chon ¢ sao cho h + & < 0 khi d6 f(z) < 0, trai gia thiét.
Dinh Iy 2: néu khi = — a, f(z) c6 gi6i han h va ¢(z) c6 gi6i han la k thi
f(@)+ g(z) c6 gii han h+k; mf(z) c¢é gidi han la ham (m la hang s6);
f(x).g(x) co gioi han la hk; fga:; co gioi han la = (m = 0).

Céch chtig minh dinh 1y nay ciing giéng nhu cach chimg minh gii han
ctia diy sd.
Chu y: cac dinh nghia gidi han cia ham f khi z — 400 hodac z — —oo cling
twrong tu nhu dinh nghia gii han cua diy. Chang han, ham f(z) ¢6 giéi han la
h khi z——oco néu Ve>0 ta tim dwoc s6 M>0 sao cho
Vo < —M,|f(z)—h| < €.
3.3. LUQONG VO CUNG BE (VCB)

Néu f(z) cé gi6i han bang 0 khi © — a thi ham f(z) dwoc goi la heong vé
cung bé o lan cdn cua a.
Vi du: khi © — 0thi sinz — 0 (do ta luoén c6 |sinz | < |z |). Vay sinz 1a dai
luong vo cung bé (VCB) ¢ lan can cua 0.

So sanh cdac VCB: gia su f(x),g(x) la cac VCB khi x — a.

Néu }LIE% = 0 thi ta néi rang f la VCB cap cao hon g.
Néu lli%% =k = 0 thi ta néi rang f va g la VCB ciing cdp.

ddc biét, néu k=1 thi f va g la hai VCB twong dwong, ta ky hiéu f ~ g.

Vi du: & chuong trinh Trung hoc ta da biét lim STAE SINT _ 1 Nhu vdy trong lan c4n
cua 0 thitaco: sinz ~ z

2sin? & 2sin? %
Ta co: lir%w = lim 2 = = lim 2 .sin% =0

Vay: 1-cosx 14 VCB cap cao hon .

ol cosT _ 2sin® £ i 28111% Sin% 1
im=—2<L = lim = lim——=. 5
z—0 (L‘2 z—0 (L‘Q z—0 M Ha 2
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Vay 1—cosz 1a VCB cung cép voi 22, ta cling néi 1 — cosz 1a VCB cp hai d6i
voi .

Chii y: ty s6 cta hai VCB g (z — a hoac oo) la dang vo dinh 8 Dinh ly sau cho
ta mot phuong phap dé khir dang vé dinh.

Dinh ly: gia su f(z), fi(x), g:(x), g,(x) la cac VCB (khi x — a hodc o). Khi do

néu f(2) ~ £(@),0,(x) ~ g,(a) thi- tim A — jiy 2O
@~ @)

Chitng minh: Ta c6 thé viét
h_h b o
L g o
Do hmﬁ =1 lim % =1 nén ta cé: hmf1 = hrnf2
I [ g 9>
Vi du:

sm 5x
1) Tim lim = 5 31

Khi z — 0 thi sin bz ~ 5z, sin 3z ~ 3z. Theo dinh ly trén ta co:

sinbz _ 1.5z _ 5
T sin3y = :lzli% 3z 3

2) Tim lim =38< Sin 5z
i—7 SIN 2T

Khi z — = thi sin5z — 0, tdc 1a sin5z 14 moét VCB. Tuy nhién, ta khong thé
viét sin5z ~ 5z vi bz — 57 khong phai 1a mot VCB. Dé giai quyét van dé nay
ta lam nhu sau:

bat t=7—2.Khiz — wthit — 0, sinbx = sin(5br — 5t) = sin(m — 5t) = sin 5t
va sin2z = sin(2r — 2t) = sin(—2f) = —sin2¢. Khi d6 néu ¢t — 0 thi sin 5t ~ 5¢
va sin2t ~ 2t. Vay:

lim SIAOT _ 15, SINOE 15, DL _ _%

is7sin2x -0 —sin2t 10 —2t
Mot s6 VCB tuong duong thudng gap:
Khi z — 0 thi:

sinz ~ x; tgx ~ x; 1 —cosz ~ %xz’

In(l+2z)~z; e —1~ \/1+x—1~%x
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Ta Chﬁng minh: 111110 1n<1:1;—+x> o 1. e.’z:a:_ 1

O muc 2.4 ta da dinh nghia: }ggo (1 + %)n =e

Véi s6 thuc 2z bat ky bao gio ta ciing tim duoc s6 n sao cho: n < z <n+1

Tu do:

A<ttty sirlaiid s ) <) <@g
Vay:

) ) <) <) )

Khi z — +o00 thi n — +00 va ta co:

e s (e -

Con: <1+ }’_1)71—>1; (1+%)—>1

Do d6 theo tiéu chuan 1 ctia gii han (nhung 4p dung d6i véi ham) ta co:

lim (1 + 1) = e, vGi 2z 1a mot s6 thuc.

Dat x =1/ 2z thikhi z — 400, x — 0. Vay: yn(l)(l—{—x)% =e

Ta co: limwzy%ln(l—i—x)%zln}ﬁig%(l—i—:z:)%zlnezl

z—0

Dat y =e"—1thiz = In(l + y), khi z — 0 thi y — 0. Khi do:

et =1 _ 1 Y
lim " —hn%—] a+y) 1

3.4. LUQONG VO CUNG LON (VCL)

Ham f co gioi han +oo khi © — a néu véi moi M >0 ta tim dwoc s6
6 >0 sao cho khi 0 <ix—al <6 thi f(x)> M

Ham f co gioi han —co khi © — a néu véi moi M >0 ta tim dwoc s6
6 >0 saochokhi 0 <ix—al <6 thi flx) <—M.

Ban doc hay tu dinh nghia gidi han vo cung (400 hodc — o) ciia ham f

khi z — 400 hoac z — —o0.
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Neu ham f co gioi han la vo cung thi no duoc goi la lwong vé cung lon.

Ta dé dang ching minh duoc 1a: néu f(z) 1a VCB khac 0 thi 1/ f(z) la
mot VCL va nguogc lai, néu f(z) 1a VCL khéac 0 thi 1/ f(z) 1a VCB.

Néu f,g la cac VCL vaty sd f/ g cling1a VCL thi f 1a VCL c6 cap cao
hon g . Vi vay, trong viéc tinh gioi han cua ty s6 f/g (dang vé dinh ~ /) ta
chi gitt lai ¢ tir s6 va mau sé cdac VCL ¢é cdp cao nhadt va ngdt bé cac VCL cdp

thap hon di.

Vi du: lim 22° +52% =3z _

220
totoo 4 — T +6 ILHPOO 47°

_1
-2

§4. HAM SO LIEN TUC

Trong §3 ta di xét giéi han cuia ham sd f(z) khi z — @ ma khong doi hoi
ham f phai xac dinh tai a. Trong muc nay ta sé xét mot 16p ham dac biét, hay
gap trong thuc té: ham f xac dinh tai ¢, ham f c6 gi61 han khi z — a va gia tri
gidi han d6 bang gia tri ciia ham tai a . D6 14 16p cac ham s6 lién tuc.
4.1. PINH NGHIA

Ham s6 y = f(x) dwoc goi la lién tuc tai x =a néu: né xdc dinh tai a va
lim f(z) = f(a).
Vi du: ham f(z) = z* lién tuc tai moi diém z. That vay, ldy z =a bat ky thi
f(a) = a® va lim * = a?, diéu nay c6 nghia la ham f lién tuc tai a. Nhung a
duoc chon bat ky nén ham f lién tuc tai moi diém.
Dung cac dinh 1y vé gidi han ta chimg minh dugc:
lién tuc tai x = a thi cac ham f(z)+ g(z),

()

) voi g(a) = 0 ciing lién tuc tai a.

Pinh Iy 1: néu cic ham f(z),g(z

~ =

k.f(z) vdi k la hang sé, f(z).g(z),

-~

g
Bay gio ta xem xét tinh 1ién tuc cia ham hop:
Trudc tién ta xem lai khai ni¢m ham hop. Gia str c6 hai ham:
u:A— B ulz)=y
f:B—=C, fly) =2
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Nhu vay ta c6 ham hgp: fou: A — C, (fou)(x) = f(u(x))
DPinh Iy 2: néu ham u lién tuc tai x=a, ham f lién tuc tai diém v, = u(a) thi
ham hop fowu cing lién tuc tai x=a.
Chung minh:
Do f lién tuc tai u, nén véi moi € > 0 cho trudc, ta tim dugc sé6n >0

sao cho: |u—uy |< n = | f(u)— flu) K (1)

Do ham u lién tuc tai @ nén voi n > 0 tim dugc & trén ta tim dugc 6 > 0
saocho: |z —a <K 6 = |u(@)—ula) | =|u—u | <7 (2)
Két hop (1) va (2) ta co:

(z—al<é= [u—u | <n=|flu)—flu)|<e
hay: | flu(z)] = flu(a)]| < e
Diéu d6 chimg t6 lim f[u(z)] = flu(a)]. Thc 1a ham hop f o u lién tuc tai = =a g
Ta thira nhan rang: cdc ham so cdp co bdn lién tuc tai moi diém trong mién xdc
dinh cua chung.
Dung dinh 1y 1 va dinh 1y 2 ta c6 thé phét biéu: cdc ham so cdp déu lién tuc
trong mién xdc dinh ciia chiing.
4.2. HAM LIEN TUC TRONG MQT KHOANG KiN
4.2.1. Lién tuc mot phia

Trong dinh nghia giéi han, khi ta viét £ — a ta can hiéu 1a = dan téi a
theo nhitng gia tri nhé hon a (z dan t6i @ theo phia trai, ky hiéu z —a—0
hoic £ —a~) va z dan t6i a theo nhitng gia trj 16n hon a (z dan téi a theo
phia phai, ky hiéu £ — a+0 hoac z —a™).

G161 han cta ham fkhi = — a nhu vay la gioi han hai phia.

Trong nhiéu trudng hop, ta chi can xét gidi han ciia ham khi z — o — 0, ta
c6 gioi han trai, hoac khi x — a+0, ta c6 gioi han phadi.
Vi du: v&i ham f(z) = vZ thi khi xét gidi han ciia né khi 2 — 0 ta chi c6 thé xét
gi6i han phai, vi néu xét gidi han trai thi vo nghia (vi ham vz chi xac dinh véi
x>0).

Ham f duoc goi la lién tuc trdi tai a néu no xdc dinh tai a va
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lim f(x) = f(a). Ham f dwoc goi la lién tuc phai tai a néu né xdc dinh tai a va

r—a"

lim f(z) = f(a).

Ham f dwoc goi la lién tuc tai a néu né lién tuc ca phia trdi va ca phia
phdi tai a.
4.2.2. Ham lién tuc trén khodng kin [a,b]
Mot ham [ duwoc goi la lién tuc trén khodang kin [a,D] néu:

N6 lién tuc tai moi diém z € (a,b).

NGO lién tuc phdi tai a va lién tuc trai tqai b.

Khi biéu dién dd thi cia mot ham lién tuc trén mot khodng thi ta dugc mdt
duong cong lién nét (v& duoc bang mot nét but).

Ta phat biéu khong chimg minh ma chi minh hoa bang hinh hoc céc tinh chat
quan trong ctia ham lién tuc trén mot khoang kin.

Tinh chit 1: néu ham f lién tuc trén khodng kin [a,b] thi né dat gid tri nhé
nhdt m va gid tri l6m nhat M it nhdt mét lan trén khodng [a,b].
N6i cach khac, ton tai 2, € [a,b] va z, € [a,b] sao cho véi moi z € [a,b] ta co

m = flo) < fl@); M = fz) > f(x).

Chua y rang diéu kién khoang kin 12 quan trong, chiang han néu xét ham
f(z) = z lién tuc trong khoang m& (0,1) thi khong tim duoc diém trong (0,1) dé
ham f dat gia tri nho nhat ciing nhu gia tri 16n nhat.

Tinh chdt 2: néu ham f lién tuc trong khodng kin [a,b] thi né nhdn moi gia
tri trong khoang kin [m, M|, ticc la anh cia doan [a,b] qua f la [m,M].

N6i cach khac, néu 1 1a mot gia tri tuy ¥ thudc khoang kin
[m,M],m < u < M thi thé nao ciing tim duoc ¢ € [a,b] d& f(€) = p (hinh 15).

y
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Hinh 15

H¢ qud: néu ham f lién tuc trén khodng kin [a,b), gid tri ciia ham tai a va b

trdi dau nhau, tirc la f(a).f(b) < 0, thi phwong trinh f(z) = 0 bao gio' ciing c6

nghiém trong khodng (a,b). Hon nita, néu f don diéu trong khodng [a,b] thi

nghiém dé la duy nhat.

Ta chi vi¢c ap dung tinh chat 2 véi m < 0,M > 0, = 0.

4.3. HAM SO GIAN POAN

Neéu ham f khong lién tuc tai z =a thi diém z=a la diém gidn doan cua

ham sb. Ta ciling n6i ham sb gian doan tai a . Cac trudng hop gian doan thuong
gap la:

Ham f khong xac dinh tai @ va f(z) — cokhiz — a. Piém z=a duoc
goi 1a diém gian doan vo clng.
Vidu: ham f(z) =1/z co6 gidn doan vo cung tai z =0.

Ham f xéc dinh tai x =a, ham c6 céac gidi han trai (hiru han) va giéi han
phai tai @ nhung cac gidi han d6 khong bang nhau. Khi d6 ta noi ham c6
gian doan loai mot tai diém z=a, va tai z=a ham f ¢o6 budc nhéy
bing | f(a+0)— fla—0)|.

-1 khi 2<0 o
Vi du: ham f(z) = | khi 23>0 co gian doan loai mdt tai x =0. Bude
nhaytai 2 =0 1a | f(+0) — f(=0) | = |1—(=1) |= 2

PN PN

y y y

Hinh 17
Ham f khong x4c dinh tai z = a nhung c6 gidi han (hai phia) khi z — a.

Néu ta bd sung cho ham f gia tri tai a bé“mg gi61 han tai @ cia no thi ta
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s& thu dugc mot ham méi lién tuc tai a. Khi d6 diém z=a duoc goi la
diém gian doan khir duoc.
Vi du: ham f(z) = % khong xac dinh tai x =0 nhung yn%Si% =1 nén
SILT khi 3 = 0

néu ta xét ham f(z) = thi ham nay lién tuc v4i moi .
1 khi z =0
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BAI TAP

6.1. Tim mién xé4c dinh cta ham s (trén tap $6 thuc) dugc cho boi:

a) y = «/x2—3x+2+ﬁ; b) y = Vsinz + V16 — %
c)y=lgll—1g(x* =5z +6)]; d)y = arcsin(z — 2); e) y = arccos%

6.2. Ham f xac dinh trén R dugc goi la ham 1é néu f(—z) = —f(z); 1a ham chin
néu f(-z) = f(z). Cho ham f(z)=log, (@22 +1) , hay chimg minh n6 la ham
1é va tim ham nguogc cua no.

6.3. Chirng minh cac cong thtrc sau:

1.

Néu z > 0: arctgz + arctg--; suy ra hé thirc twong g d6i véi z < 0.

arcsin a 4 arcsin b = arcsin(avl —b> + bVl —a?).
6.4. Nguoi ta dinh nghia cac ham Hypebolic nhu sau:

Ham sinhypebolic, ky hiéu shz: f: R — R, f(x) =shz =5(e" —e™)

pol— Dol

Ham coshypebolic, ky hiéu chz: g: R — R, g(z) =chz =5(e" +¢e™)
Chung t6 rang ham shz 14 ham 1a ham 1¢ va ham ch z 13 ham chén.
Xudt phét tir @6 thi ctia ham s6 e”, e hdy v& db thi cac ham shz, chz.

Tim ham nguoc cia ham sh z. Phai han ché mién xéc dinh cua ham ch z
nhu thé nao dé né c6 ham nguoc? Hay tim ham ngugc do.

Chirng minh cac cong thurc:
ch?x —sh?z =1, ch?>z +sh?z = ch2z, 2shz.chz = sh2z
6.5. Cho day s6 xac dinh boi: u, = Lu,,, = 2+ u,
Chirng minh réng voimointaco u, < 2.
Chung minh rang ddy {u,} ting, tir 46 hiy tim gi6i han cta day.

6.6. Tinh céac gidi han:

i 22, 2 lim L= 3) lim 2% 5042
=22 —4 r—1 ] —7 T——2 2x3—|—7$2—|—6x

S : : cos2r . : 2—Jx
4) lim sin 2z cotg ; 5) 9161_% o con D 6) lim 5= o 1
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6.7. Tinh cac gidi han:
1) lim L=cosz, 2) liml=Yl—2. 3) lim z° +1

. 1 0 4
=0 sinz? ’ >0 sindx s=-1arcsin(z + 1)

T
)

e e’ —e. . lnz—1. D . z
4)lim &—==; 5)lim : 6)lim ; Dlim 1 —2z; 8) lim (x +1)

z—0 I—>% r—1 z—e L — € 400

[ 2
9) lim_ MTCCH; 10) lim %; 11) Jlim z arccotg ; 12) Ilianm(x —~2* + 51)

=7 cotg(y — )

, z+1 khi <1 )

6.8. Cho ham s0 xac dinh boi: f(z) = , . Phai chon a nhu the
3—azx® khi z>1

nao dé ham f lién tuc v6i moi = ? Khi d6 hay vé do thi ciia ham f.

6.9. Tim céac diém gian doan va vé dd thi ctiia ham sd cho bai:

flay = 2he =1

6.10. Dung tinh chat ctia ham lién tuc dé chting minh rang:
Phuong trinh 2° — 3z = 1 ¢6 nghiém trong khoang (1, 2).
Phuong trinh 2.2 = 1 c6 nghi€ém dwong nho hon 1.

6.11. Chung to rang ham f xéc dinh béi f(z) = zsind véi z = 0, £(0) = 0 lién

T

tuc voi moi .
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CHUONG 7
PHEP TINH VI PHAN HAM SO MOT BIEN SO

§1. PAO HAM CUA HAM SO
C6 nhiéu vén dé trong thuc té dan dén viéc tinh gi61 han dang:

o 1) = ()

isa X — X
Vi du: mot diém chuyén dong trén mot dudng thang theo quy lut xac dinh boi
ham s = f(t), trong d6 s chi vi tri ciia diém & trén dudng tng voi thoi diém ¢
(tinh theo mot gbe vi tri va gdc thoi gian nao d6). Nhu vay trong khoang thoi
gian tir ¢, dén ¢, diém chuyén dong dugc mot quang duong f(t,) — f(t). Toc do
trung binh cila diém trong khoang thoi gian [t,, 5] 1a:

ft) — f(t)
L—0

Nhung néu mudn tinh tdc d6 cua diém tai thoi diém ¢ (téc do tac thoi) thi ta
phai xét gidi han:

o S8~ 10)

bt b —1
Céc gi61 han nhu trén dua ta dén khai niém dao ham.
1.1. PINH NGHIA PAO HAM CUA HAM SO
Gid sir ham y = f(z)la mét ham s6 xdc dinh trong mét khodng nao dé
chita diém x,. Khi d6 ta goi dao ham ciia ham s6 y = f(z) tai diém =z, la gidi

J@) = J(w)

khi © — z,.
x—l’()

han (néu c6) cia ty sé

Ta ky hiéu dao ham cta ham sb y = f(z) tai diém z, 1a f'(z,) hay y',_,, .
Nhu vay néu ham y = f(z) c6 dao ham tai diém z, thi:

f |($0) — lim f(x) — f(xo)

T— Ty T — Ty

Vidu I: ham f(z) = z* c6 dao ham tai z, va f'(z,) = 2x3.

2 .2
That vay: lim L =20 = lim (x + xy) = 2z,

=z L — Ty T — 2
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Vi du 2: ham f(z) =| z | khong c6 dao ham tai 2 =0. That vay, xét ty so:

f@)—f0) _|z| [} newe>0
z z —1 néu z <0

khi z — 0+ thi giéi han cia ty s trén bang 1, con bang -1 khi z — 0~. Do d6
gidi han trai va giéi han phai khac nhau, hay ty s6 d6 khong ton tai giéi han tai
diém 0. Nhu vay ham khong c6 dao ham tai 0.

1.2. Y NGHIA HINH HQC CUA PAO HAM

1.2.1. Y nghia hinh hoc

Nguoi ta dinh nghia tiép tuyén véi mot duong cong tai diem M, 13 vi tri
gi61 han cua cat tuyén MM, khi M dan t6i M,,.

H¢é s0 goc cua cat tuyéen MM,

f(z) — f(z)

la: tgp = =~ — 7
Khi diém M dan t6i diém M,,
néu dudng cong cé tiép tuyén, thi
tgp — tga 1a hé sb goc cua tiép \/ﬁ(P/
tuyén M,T.

Tu do ta co: dao ham ham so

Hinh 18

y = f(z) tai diém =z, cho ta hé sé
géc cua tiép tuyén voi do thi ham sé tai diém M, (hinh 18).
tga = f'(z)

1.2.2. Y nghia co hoc

Gia st mot diém chuyén dong trén mot duong véi quy ludt co phuong
trinh s = f(¢). Khi do6: dao ham ham f(t) tai t, cho ta toc do v cua chuyén dong
oluc ty lav=f'(t).
1.2.3. Y nghia tong qudt

Ham s6 y = f(z) cho ta mbi lién hé giita hai dai luong bién thién z va y .
Nhu vay dao ham f'(z,) cho ta toc d9 bién thién clia ham s6 tai diém .

Nhiéu van dé trong vat 1y, hoa hoc, sinh hoc nhu tde do truyén nhiét, mat

do phan phéi vat chét, toc do phan ung, tdc d6 phat trién,... déu co lién quan dén
khai niém dao ham.
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1.3. HAM LIEN TUC VA HAM CO PAO HAM
Ham f co dao ham tai x, thi no lién tuc tai do.

That vay, ta co:

lim(/(z) — f(z)] = lim LD =0 ()

z— 1) T— 1) T — Xy

do f c6 dao ham tai z, nén

vay lim(f(z) — f(zo)] = 0 hay lim f(z) = f(zo)

nghia la ham f lién tyc tai z,.
Nhung chi y rang diéu nguoc lai chua chic dung. Chang han ham f(z) = z |

lién tyc tai diém 0 nhung lai khong c6 dao ham tai diém d6 (xem vi du 2 & muc
1.1).

1.4. CAC PHEP TOAN POI VOI PAO HAM
Duya trén cac phép tinh d6i v6i giéi han va dinh nghia ctia dao ham ta co:
1.4.1. Pao ham ciia tong, tich, thwong
Néu cac ham u(z),v(z) c6 dao ham tai z, thi:
Ham tong u(z) + v(z) ciing ¢6 dao ham tai z, va
(u(@) + v(@))ssy, = u'(T) + ' (7))
Ham tich u(x).v(z) ciing co dao ham tai x, va
(u(z).v(2)) sy = u (o) (o) + w(xy).v"(20)

Ham thirong u(z) / v(z), véi diéu kién v(z,) = 0, ciing ¢6 dao ham tai =, va

_u () v(wo) — u(xo) v (o)
r=1 v*()

1.4.2. Pao ham ciia ham sé hop
Néu ham u(z) ¢é dao ham tai ,, ham f(u) ciing c¢6 dao ham tai

u = uy = u(xy) thi ham hop f(u(x)) ciing cé dao ham tai x, va

[f (U("L’))} ey = I (o) ' ()
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1.4.3. Pao ham ciia ham sé ngwoc
Gia sw ham y = f(x) co ham ngwoc la © = f(y) xdac dinh trong mot lan
can cua y =y, = f(x,). Khi do néu ham y = f(x) co dao ham khac O tai x, thi

ham x = f~\(y) ciing co dao ham tai y, va:
-1 __1
f (?Jo) f'(xo)

1.5. BANG PAO HAM CUA MOT SO HAM SO

Dung dinh nghia ctia dao ham va cac phép tinh dbi v6i dao ham ta thanh
1ap dugc bang sau:

Stt | Ham f(z) Pao ham f'(x) | Stt | Ham f(x) Pao ham f'(x)
1 | C=hangsé6 |0 8 |a” a’lna
2 |z%a€R ar®! 9 |0 o
3 sin Cos T 10 | arcsinz L
1—2?
4 | cosx —sinz 11 | arccosz =1
1—2?
5 |tgx L 12 | arctgx l
cos’ 1+ 27
6 cotgx —1 13 | arccotgx —1
sin® 1+ 27
1 1 1
7 |In|z] - 14 | log, |z, a>{ ——

Ta chiing minh m{t vai cong thuec:
Cong thurc 7: xétham y = Inx v&i z > 0. Pat x = 2, + « taco:

Inz—Inz, In(zy+a)—Inz,
T—x, Q

_1 a
= a1n<l+x0)

khi z — z, thi & — 0. Do ln(l—l—&)r\z% nén:

Lo 0
. Inz—Inz . )
lim 2L % oy 1y 14+ &) = lim L <« _— L
z— T Tr— Ty z—1z9 QU Ty z—a9g O T i
Vay: nz),_, =+
aY’ (nx) =X - €T
0

B6 mon KHCB 122 Gido trinh todn cao cap 1



_1 (1)

Do z, 13 s6 duong tuy y nén véi z > 0 thi: (Inz)' =+
Bay gio xét ham y = In(—z) vé6i z < 0. Bat v = —z thi v >0 va theo (1) ta c6:

yzlnu:>y'u—%; u=-r=u', =—1

(2)

Theo quy tic ham hop thi:
[ln(_x)] 'JL' = ?J'I = y'u U 'JL' = E<_]—) = %
C6 thé viét chung (1) va (2) dudi dang cong thire (7).
Cong thike 8: ham y = a* c6 ham nguge 14 @ = log, y = (22
Theo quy tic dao ham ctia ham nguoc ta co:
y', :xL':+: ylna =a"lna
Y
ylna
Céng thire 2: ta viét o = e*™+ . Xét ham hop:
! :eugzaxafl
u T * x

y=e"véiu=alnxthiy', =y

Cac vi du tinh dao ham:
1

|

Dy=fiel y=—raA=-"t-1-——1__
) 2 2 tg% COS?% 2 40082% tg%
2) y = In(z + Vz? + a?); "= 1 (1—{— L =1
)y ( ) Yy $+J$2+a2 J$2+a2 \/xQ_{_a?
Ny=e"; y'=(—22)e " = —2ze"
_ 21. r_ 1 1 N O 1
4) y = arctg E Y 2.arctgx.1+$12.( xQ) 122 arctgx

5) y = z*, z > 0, ta khong thé 4p dung ngay cong thirc (2) hodc (8). Ta viét
y=za"=e" = y'=e"(Inz+1) = 2'(lnz +1)

Ta ciing c6 thé dung phuwong phap dao ham loga:
Lay logarit cahai vécia y = z°: Iny = zlnz
Léy dao ham theo z hai vé cua biéu thirc vira nhan duoc:

!
(Iny)'=(zlnz)' = % =Ilnz+1

Gido trinh toan cao cap 1
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Trdo: y'=y(nz+1)=2%(lnz+1)
1.6. PAO HAM CAP CAO
1.6.1. Ham dao ham
Pao ham cta ham sé y = f(z) tai diém =z, 1a mot gia tri bang s6. Néu ham
f cb6 dao ham tai moi diém 2z thudc khoang mé £ nao d6 thi voi mdi z € E ¢
tuong tmg mot 3’ 1a dao ham ctia ham f tai z. Nhu vay ta ¢c6 mot ham mdi, goi

la ham dao ham, no6 cling dugc ky hicu la y' = f'(z).
1.6.2. Pao ham cdp cao

7 » ! o ! N
Neéeu ham f'(x) co dao ham tai diéem x, (tirc la lim M ton tai)
T— X - 0

thi dao ham cua ' dwoc goi la dao ham ccfp hai cua ham f tai diém 7,. NO

dugc ky higu la f"(z,) hay y",_,, .
Bang quy nap ta dinh nghia dugc dao ham cép n ctia ham y = f(z).
Néu ham so y = f(x) cé dao ham cdp n—1 tai moi diém z thudc mién

xdac dinh cua ham thi dao ham (néu co) cua ham dao ham cap n—1 tai diém

r = x, dwoc goi la dao ham cdrp n cua ham f tai diéem z,.
Ky hiéu dao ham cdp n cta ham f tai diém z = z, 1a f®(z,) . Khi d¢:

F0(xo) = [f" V@) o=,
Trong co hoc, néu chuyén dong cia mot dudng thang co phuong trinh
s = f(t) thi dao ham cap mot f'(,) cho ta toc do chuyén dong tai thoi diém
t = t,, dao ham cap hai f"(¢,) cho ta gia tbc ctia chuyén dong tai ¢ = ¢,.
Cacvidu:
Ham y = z", v6i n 1a mot s nguyén duong, co6 dao ham t&i moi cap trén tap

hop s6 thuc R.

Voi k <n: yM =nn—-1)..(n —k+ D" *

Véi k=n: y® =n!

Voi k> n: y'=0
Ham y = sinz c6 dao ham téi moi cdp trén R va y™ = sin(z + nr /2).
That vay:
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V61 n =1 thita cé cong thirc dung: y' = cosz = sin(z + 7/ 2)
Gia st cong thirc d6 ding voi n—1, tirc 1a y" Y = sin[z + (n — )7 /2], ta s&
chirng minh n6 ding cho n.
y™ = [y V' = cos[z + (n — )w /2] = sin(z + nw /2)
Tuong tu ta cling chung minh dugc:

Néu y = cosz thi y™ = cos(z + nw /2)

§2. VI PHAN CUA HAM SO ' '
2.1. VI PHAN LA PHAN CHINH CUA SO GIA HAM SO
Gid st y = f(x) c6 dao ham tai diém x = x,. Khi d6 ta c6:

lim{M— f’(xo)} ~0

XX, ‘x_‘xO
Piéu d6 chung t6 luong M—f’(xo) 1a mét vo cung bé khi x — x,.
X—Xx,
Ta dat: M—f’(xo):a vOi o 1la mdt vo cung bé khi x — x, .
X—Xx,

Tur do: f(x)—1(x)=f"(x)(x—x)+a(x—x,) (2.1)
Dat Ax=x—-x,, Af = f(x)— f(x,) thi (2.1) tr& thanh:

Af = f'(x,) Ax + ax (2.2)

Khi x — x, thi Ax 1a mot vd cing bé. Néu f'(x,) =0 thi luong f'(x,)Ar 1a mot
vO cung bé clng bac voi Ax, con lugng aAx mot vo cing bé cap cao hon Ax.
Khi d6 ta néi luong f”(x,)Ax 1a phan chinh ctia vo cting bé Af khi x — x, .
Quan sat biéu thuc (2.2) ta thay sd gia Af ciia ham s6 f dugc phan tich thanh
hai thanh phan: thanh phan thir nhat 1a phan chinh ctia Af, thanh phan thir hai 14
mot vo ciing bé c6 cip cao hon Af . Ta di téi khai niém vi phan ctia ham sd.
Pinh nghia. Vi phéin ciia ham s6 y = f(x) tai diém x = x, la phan chinh ciia s6
gia Af(x,); né khac sé gia Af(x,)boi mot lwong vé ciing bé cé cap cao hon
Ax.

Vi phan cta ham s6 duoc ki hiéu 13 df (x,) hay néu khong chu ¥ t6i gia tri cu thé

cua x,thita viét df hay dy.
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Vay néu ham f c6 dao ham tai x, thi theo cach phan tich trén ta c6
df (x,)=f"(x,)Ax hay

dy = f'(x)Ax (2.3)
Néu ham f ¢é dao ham tai x =x, thi né ciing co vi phdn tai x, va vi phdn cua
no dwoc cho boi cong thire (2.3).
Biy gid ta s& ching minh rang nguoc lai, néu ham f c6 vi phdn tai x = x, thi né
cing co dao ham tai x,.
That vay, ham / c6 vi phan nén ta c6 thé phan tich s6 gia A/ ctia n6 thanh:

Af (x,) = AAx + aAx

trong d6 4#0,a2 — 0 khi Ax —> 0.

A
M =A+a;trdo 11mAf A.
Ax A0 Ax
G161 han trén cua ty s6 trén ton tai, vay ham f c6 dao ham tai x, va dao ham do

bang A.

Chia c4 hai vé cho Ax ta dugc

f '(xo) =4
Do két qua trén, sau nay ta ciing goi mét ham cé dao ham la ham khd vi.
Chii y: V&iham y =x ta c6 dy =dx =1.Ax. Thc 12 néu x 13 bién sb doc lap thi sb
gia ciia n6 bang vi phan ciia nd dx = Ax, vi vay biéu thirc cta vi phan ham sb f
con duoc viét dudi dang:

df (x,)=f"(x,)dx hay dy = f"(x,)dx

Tuddtacd f'(x,)= f( g(x,) hay gon hon y —i
Pao ham ham s6 la ty s6 ciia vi phdn ham s6 va vi phén ciia bién s6 doc lap.

Thi du: Tim s gia va tim vi phan ctia ham s6 f(x)=x" tai diém X,

Af (x,)=(x, + Ax)2 —x,> =2x,Ax — A’

df (x,) = f'(x,) Ax = 2x,Ax

Ta thiy rang vi phan 1a phan chinh cta sb gia, no khac sé gia boi mot vo cing
bé c6 bac hai so vo1 Ax.

Quan sét trén hinh ta thdy gia tri ham f(x)=x" tai x, 14 A 7

dién tich hinh vudng c6 canh x,; s6 gia Af(x,) 1 phan

dién tich tang thém khi canh hinh vuong dugc tdng thém
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Ax con vi phan df (x,) 1a phan dién tich néi trén nhung bo di hinh vudng con ¢o
dién tich Ax’.
Néu |Ax| kha bé ta co thé coi vi phan 1a gia trj xap xi cua s gia, tir d6 ta c6 cong
thirc tinh gi4 tri gan dng cua s6 gia ham so:
Af (x) = f (x, + Ax) = f(x,) = f'(x,) Ax
Ta suy ra cong thirc tinh gia tri xap xi ciia ham f tai X, +Ax:
f(x0+Ax)Ef(x0)+f'(xo)Ax (2.4)
Thi du: Tinh gan dang 7
Ta xét ham s& f(x)=%x . Ap dung (2.4) ta co:

ix, +Ax EQ/;O+ 1 Ax

4l 3
43/ x,

Cho x, =16, Ax =1 ta co:

7216 +— 12 =2,031

4416° 4.2°

Ap dung cong thirc (2.4) cho cac ham s6 4/x,sinx, Inx ta co:

Ax
a) {x,+Ax = xo+nw.
0

Cho x,=1,Ax=a thi ta c6: {1+ a =1+Zv6i |a|kha be.

n
b) sin(x, + Ax) = sinx, + cos x,Ax;
Cho x,=0,Ax=q taco: sina = avéi |a|kha bé.

¢) In(x, + Ax)=Inx, + Ax

Xo

Cho x, =1, Ax=a taco: In(1+a)=a véi |a|khd beé.

2.2. CAC QUY TAC TiNH VI PHAN

Theo dinh nghia, vi phan cta ham sé tai x, la dy=y'dx, két hop véi cac
quy tac tinh dao ham ta co:
1). Néu cac ham sé u(x), v(x) kha vi tai X, thi cac ham tong, tich, thwong (véi

diéu kién v(x,) #0) ciing kha vi va:

B6 mon KHCB 127 Gido trinh todn cao cap 1



du+v)=du+dv
d(uv) =vdu + udv

d(zjzw,v(%);ﬁo

v v
2). Néu ham u=u(x) kha vi tai x,, ham y = f(u) kha vi tai u,=u(x,) thi ham
hop y :f[u(x)] kha vi va df[u(x)] :[f'(uo)-u'(xo)]dx = f"(u,)du(x,).
V& mit hinh thirc ta van c6 vi phan ctia ham sb bang dao ham cua ham nhan véi

vi phan cua bién s khong phan biét bién sd d6 1a doc 1ap hay phu thudc.

2.3. VIPHAN CAP CAO

Gia s ham sd y = f(x) kha vi trong mot khoang nao d6. Khi ay, vi phan
dy = f'(x)dx phu thudc vao x, con dx 1a hing s6 néu x 1a bién sé doc lap; néu
ham s6 f'(x)dx kha vi tai x, thi vi phan d [ f ’(x)dx] cta né duoc goi l1a vi phan
cap hai ctia ham s6 xuat phat 7, ta ky hiéu vi phan cép hai 1a d>f hay d’y . Nhu
vay:
d2y=d(dy)=d| f'(x)dx]=] f'(x,)dx |dx = f"(x,)dx’
Vi phan cip hai ciia ham f(x) tai diém X, bang dao ham cdp hai ciia f tai diém
x, nhan véi binh phuong cua vi phan bién sb doc lap: d’y = f"(x, )dx’
_d°y(x)

dx’

Bédng quy nap ta ching té6 dugc rang: néu ham f vai1 bién s6 x doc lap co dao

Ta cling c6 thé viét dao ham cap hai ctia f dudi dang: f"(x,)

ham t6i clp n tai x,thi nd ciing c6 vi phan cip n tai x,, ky hiéu d"y(x,) va

d”y(xo):f(”)y(xo)dx”.
Twr do:

§3. CAC PINH LY VE HAM KHA VI
3.1. PINH LY ROLLE

Néu ham f lién tuc trén khodng kin [a,b]; khd vi trong khodng (a,b);
f(a)= f(b) thi trong khoang mo (a,b) co it nhdt mét diém ¢ sao cho f'(c)=0
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Chirng minh:

T
Ham f lién tuc trén [a,b] nén theo tinh chét 1
ham lién tuc trén khoang kin ham f dat gia tri
16n nhat M va gia tri nhé nhat m trén [a,b]
Néu no dat ca hai gia tri do tai hai dau mat a, b - >
X

thi do f(a)= f(b)ta suy ra M =m, khi d6 ham

1a khong doi trén [a,b] nén dao ham f”(x)=0véi x €[a,b].

Xét truong hop nd dat it nhat mot trong hai gia tri M, m tai mdt diém nam trong
(a,b), chang han né dat gia trj 16n nhat M tai c € (a,b).

Khi d6: M = f(c)= f(x) véi moi x €(a,b).

() -1(0),

Vi x <c thi:
C x—c¢—0 xXxX—C

Mso: lim £ )= 78€) 3.1)

C x—c+0

Véi x > c thi:

ton tai: gioi han bén phai va
bén trai tai ¢ phai bang nhau.

Vi vay, tir két qua (3.1) tasuy ra: f'(c)= limM =0

X—c xX—cC
Y nghia hinh hoc cta dinh 1y trén 1a: Trén cung AB biéu dién ham f(z) thod
man cdc diéu kién cua dinh Iy, ¢6 mét diem C tai do tiép tuyén song song véi
truc Oz.

Tur dinh 1y Rolle ta c6 dinh 1y quan trong sau.

3.2. PINH LY LAGRANGE
Neéu ham f(x) lién tuc trén khodng kin [ab], khd vi trén khoding mo
(a,b) thi trong khoang (a,b) cé it nhdt mét diém c sao cho:
f(b)=f(a)=7"(c)(b-a) (3.2)
Chirng minh:

Ta xét ham phy: F(x) = f(x)—%(x—a)
—dad
Do ham f(x) lién tuc va kha vi nén ham F cling lién tuc trén [a,b], kha vi
trong (a,b). Hon nita F(a)= f(a); F(b)= f(a) ham F théa man céac diéu kién
ctia dinh 1y Rolle nén ton tai ¢ e (a,b) dé F'(c)=0
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f(b)=f @
(b-a)

= f'(¢). Ta suy ra cong thurc phai ching minh (3.2).

Taco: F'e) = f'o)—

Tir do: L0 =@
(b—a)
Vé mit hinh hoc, dinh 1y Lagrange noi 1én rang: Trén cung AB cé it nhdt mot

diém C tai do tiép tuyen song song voi day cung AB.
Chii y: Néu ta thém diéu kién f(a) = f(b) thi tir (3.2) ta co f'(c) = 0 tuc 14 ta lai

c6 dinh 1y Rolle.
Cong thuc (3.2) con dugc goi la cong thic s6 gia hitu han. o
Dit a = z,, b =, + Az, s6 ¢ nam trong khoang (z,,z, + Az) nén co thé viét:
c=x,+60Az vO1 0 < 0 <1, cong thirc (3.2) c6 dang:

flz, + Az) = f(z,) + [’ (z, + OAz) Az (3.3)
Bay gio ta di xét mot ing dung cua dinh ly Lagrange trong viéc khao sat tinh
don di€u cia mot ham so.

Dinh nghia: ’
Ham y = f(x) 1a don diéu tang trén mot tdp hop F néu voi z,z, bat ki thudc
E:
r, <z, = f(z,) < f(z,) , ’
Ham y = f(x) 1a don diéu giam trén mot tap hop E néu vdi z,,z, bat ki thude
E:
r, <z, = f(z,) > f(x,)
Dinh ly:Gia sw f la mot ham lién tuc va kha vi trong mot khoang E nao do.
1). Néu f'(x)=0,Vx e E thi ham f khong doi trén E.
2). Néu f'(x)>0,YxeE thi ham f ting trén E.
3). Néu f'(x)<0,VxeE thi ham f giam trén E.
Chiing minh: ’ ‘
Lay hai diém =z, z, bat ky thudc E r61 &p dung dinh 1y Lagrange cho ham f trén
[z,,2,] ta tim dugc diém ¢ € (z,,2,) sao cho:
f(@,) = f(@) = fe)(z, - =,) (3.4)
Néu f'(x)=0,VxeE thi f'(c)=0 tasuyra f(z,) = f(z,); Gia tri clia ham so
f tai hai diém bat ky cta E déu bang nhau nén ham f c6 gia tri khong ddi
trén E.
Néu f'(x)>0,VxeE thi f'(c) >
Tur (3.4) suy ra voi moi z,,z, ma z, < z, thi f(z,) < f(z,): Ham f tang.
f'(x)<0,VxeE thi f'(c)<0,trdo z, <, thi f(z,)> f(z,): Him f giam.
Thidu I1:
Chung minh rang vz e [-1,1] ta co: arcsin z + arccos z = g

Bo6 mon KHCB 130 Gido trinh todn cao cap 1



Xét ham s6 f(z) = arcsin z + arccos z. N6 lién tuc trén [-1,1], kha vi trong (~1,1)

va ()= —— !

NI \/1—:1:2

(-1,1). ¢ tinh gia tri khong doi ctia n6 ta c6 thé tinh gia tri cia ham sb tai mot

=0 tai moi Vz e (~1,1) nén né khong doi trong

diém bat ky thudc khoang (-L1), ching han tai z=0. Ta c6

f(0) = arcsin 0 + arccos 0 = %

Vay trong khoang (—1,1) ta c6: arcsin z + arccosz = z

Ta cling co
f(=1) = arcsin(-1) + arccos(-1) = —% +7 = %
f(1) = arcsin(1) + arccos(1) = g.,. 0= g

N , . Vs
Vay voi Vi € [-1,1] ta cd: arcsinz + arccosz = —

Thi du 2: Tim cac khoang don diéu ctia ham sd f(z) =

Ham sb xac dinh véi moi z. Tacd y' = —2ze™ . Do e > 0 v6i moi x nén dau
clia y'nguoc voi du cua z.

V61 z < 0thi y' >0 ham fting. V&1 2 > 0 thi y' <0 ham f giam.

Tur dinh 1y Rolle ta cling suy ra:
Dinh Iy Cauchy: Néu cac ham f(x), g(x) lién tuc trén [a,b], kha vi trong
(a,b) ,g'(x) #0,Vxe (a,b) thi 6 it nhat mot diém c e (a,b) sao cho:

S ()= f(a) _ f'(e)

g(b)-gla) &'(c)

Pé chirng minh chi viéc ap dung dinh 1y Rolle cho ham phu:

f(b
P = o)~ L o) - o)
Dinh ly Lagrange 1a mot truong hop dac biét cua dinh 1y Cauchy véi g(z) =
Quy tic Lopital:

Gid sir cdc ham f(z),g(z) lién tuc va kha vi trong mét mién nao dé, khi
© — z, hodc khi © — o thi cd hai ham f(z),9(z) ciung tién téi khong (hodc

cung tién t6i vé cing). Khi dé néu gidi han cia ty sé f’(x; ton tai thi giéi han
g'(z
cua ty so /(@) cing t6n tai va lim ==~ fz) = lim f’(x) ; lim /(=) = lim ’(x)
g(z o g(x) o g'(x) o gle) o gl(x)

Ta chimg minh quy tic trén theo truong hop don gian khi f(z,) = ¢(z,) = 0. Khi
do6 theo dinh 1y Cauchy ta co6:
S@) _S(x)=f(x) _f(e)

g g(x)-g(x) g(c)
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Do ¢ € (z,,z) nén khi z — z, thi ¢ —» z,. T d6 limM = limw.
(o) gle)
Gidi han vé phai ton tai nén gii han vé trai cling ton tai. Ta cong nhan céc
truong hop con lai ctia quy tic.
Quy tic Lopital c6 tng dung quan trong trong viéc tinh toan cc gidi han co

A a- 0 o
dang v6 dinh —;—.
0 o
Cac thi du:
) €2Jc _ ea: ) 2621: _ ez
1.lim — =lim—— =1
=0 sing =0 coszx
2x 2z 2z
. -1-2 . 2 =2 . 4
2.hmu:hm € —lim=t— =1
70 202 70 4 =0 4
1
1 . - ) 1
3.lim —~ = lim —2— = lim—— =0 (a > 0)
T—>+00 J/'a T—>+00 al’a T+ (Zl’a
. ! . ‘1 . (1 "
4.1im & = lim & I{?z...zllmM:w (a >1)
T—>+00 x” T—>+0 nx" T—>+o0 nl

Céc thi du 3 va 4 ndi 1én rang khi z — o thi cic ham sé o*,2% Inz 14 cac vo
cung 16n nhung ham logarit ting cham hon ham luy thtra, ham mii tdng nhanh
hon ham luy thura.

0

Chu y: Khi gip cac dang vo dinh 0.00, 00 — o0, 17,0, 0", 00" ngudi ta tim cach bién

d6i dé dua chung vé dang %;f r0i 4p dung quy tic Lopital.
o0

Thi du:

5. lim(xQInx)zlim lnf = lim 1/:1;2 :—llime =
z—0 z—0 1/.’17 20 _2/:1; 2 z—0

| =

6. Tim A = lim(cosz)* . N6 ¢6 dang 1”. Ta tim gid1 han cua logarit ctua no.

z—0

1 —
it 4, = limln (cosx)* = lim 2 8* _ ji 8% _ 1
x—0 x—0 X x>0 Dy 2
1
Do 4 =In4 tasuyra Ad=e¢"*=—.
| y N

3.3. CONG THUC TAYLOR o , ,
Trong §2.1 ta dinh nghia vi phan ham so 1a phan chinh cua s6 gia ham s6:
f (% +Ax)= f(x) = f"(x,) Ax+ aAx véi o — 0 khi Az — 0

Dat Ax=h,x,+Ax=x thitaco f(x)=f(x,)+ f'(x,)h+ah
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Néu bo qua lugng ah thi f(x)= f (x,)+ f'(x,)h tuc la ta da xap xi ham sb f(z)
boi da thirc bac nhat cua . , ,
Trong phan nay ta trinh bay cach xap xi ham s6 f(z) bd1 da thirc bacn cua i :
f = P(h)=a,+ah ++a,h> +...+ah"
Mudn vy ta gia thiét ham f(z) c6 dao ham tdi cip n va ta viét:
f(z)=P,(h)+ah” v6i @ — 0 khi h — 0
Van dé dit ra can chon cac hé sé cﬁg da thire nhu thé nao dé diéu kién trén duoc
thoa man tuc 1a tim da thac P (h) dé:

f(z,+h)-P,(h)

lim - =lima =0
h—0 h" h—0
Pé y rang:
lhigol I:f(x() + h) B Pn(h>:| = f(xo) —a,
ligrol |:f'(x“ + h) B Pn'(h):| = f'(xo) -4,
im [f"(% +h) - Bl"(h)} = f"(z,) - 1.2a,
Mot cich tong quat:

lim[ f (x, +h) = BO(R) | = f(z,) - kla,

h—0

Nhu vdy néu ta chon cic hé sd cia da thic P(h) sao cho:

(=)
k!
tinh gidi han cia ty s

a, = ,k =0,1,..,n thi cac gioi han & vé trai béng khong va khi d6 ta co thé
f(xo + h) - ‘Pn(h)
A ’ hn 1
bang cach ap dung quy tic Lopital lién tuc n l1an.

AEY)

k!l
k=0,1,..,n thi dathac P (h) s& la phan chinh bac n ciia ham sé f(z) va nd chi
khac f(z) bdi mot vo cung bé cap cao hon h".

Nhu vay, néu ta chon cac hé sd cia da thirc P (h) sao cho: a, =

Ta da chung minh dugc cong thuce Taylor:
Néu ham so f(x)co dao ham lién tuc toi cap n trong mot mién chira diém z, thi:

f(fﬂ):f(fﬂo)+M(m—x0)+M £ (=)

T ol (x—x0)2+...+T(:U—:UO)"+a(1:—x0)" (3.7)
voi a — 0 khi x — z,.

Thanh phan « (z —z,)" dwoc goi 1a phdn du thir n clia cong thic Taylor va ta ki
hiéula R, .

Cong thirc Taylor cho phép ta khai trién mot ham bét ky thanh da thirc cua

(x —z,). Dac biét khi z, = 0 thi ta c6 cong thirc Maclaurin:
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flz) = f(0)+f(0)x f(O) T+ +7f/('0)x"+ax" (3.8)
! n.
N6 cho phép khai trién mot ham bat ki (c6 dao ham lién tuc t6i cap n) thanh da
thirc ctia x .
Cac thidu: ’
Khai trién Maclaurin cua ham so f(z) =e"

Ham s nay c6 dao ham lién tuc t6i moi cap va f*(z) = " nén f*(0) =1 véi
k=01,...,n.Do do:
2 n
e =1+ 4 +$—+R (3.9)

11 2! n!
Khai trién Maclaurin ciia ham s6 f(z) = sinz
Ham s6 nay c6 dao ham lién tuc t6i moi cap va f“(z) = sin(z + kz /2).
Tur do:

3 5 2k-1

sing =2 -+ —...+(-1)"" L

3! 5! (2k—1)!+R2“ (3-10)

Khai trien Maclaurin cua ham so f( ) =CoST
2 4

COSZ’:ZE—x—-F:E——. k
21 4! (Zk)'
Chii y: Néu ham sd f c6 dao ham t6i cAp n +1 thi nguoi ta ching minh dugc
rang co thé viét phan du R cua cong thuce Taylor dudi dang:

Jo (m, + 6AT)
(n+1)!
Cong thirc s gia hitu han Lagrange chinh 13 mot trudng hop dic biét cua cong

thirc Taylor cép n = 0 vo&i phan du viét theo dang trén.

Nho cach viét cong thire Taylor voi phan du dang (3.11) ma nguoi ta co thé
dung n6 dé tinh gan dung gla tri ciia ham sd va danh gia sai s mic phai.

Phan du cua khai trién ham s f(z) = ¢* dudi dang (3.11) 1a:

R’TL =

(x—xo)m, 0<f<1 (3.11)

_ 61% n+1 3T n+l
"o (n+1)! (n+1)!
Néu mudn tinh s6 e chinh xéac t6i 10 thi can phai x4c dinh n sao cho:
R, < 5107
- (n+1)!

3

Ta co: % =0,004 >107; - =0,0006 <107,

Vay dé tinh s6 e chinh xac dén 107 thi ta st dung cong thic (3.9) v6i 2 =1 va
khai trién dén cap n = 6
e—1+l+i+ +i—2 7181
1! 2! 6!
Vaytaco: e =2,718
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2k+1
Phén du ctia khai trién sinz 1a: R, , = (1) cosz———,0< 0 <1
(2k+1)!

| 2k+1

Ta ludn co: |cos @z| <1 nén: < =4/
| | |R2k—1| (2]{3 + 1)|

Chang han, dé tinh sin 36° chinh xac dén 10 ta cho trong (3.10) z = % ta co:

(ﬁ)s (ﬂ)s
357 _ 00413 > 107 21— 0 0008 <107,
3] 51

Vay ta ¢6: sin 2 = 2 — 2L = ( 587,
5 5 3l

2k+2

Phan du cua khai trién clia cosx 1a: R,, =(~1)"" cos x@x(zk 3k
+2)!

3.4. CUC TRI CUA HAM SO
Dinh nghia: Gia sw ham so fxac dinh trong mot khoang mo E du nho chira
diém x,.

Ham s6 f c6 cuc dai tai x, néu véi moi « € E ta cé f(z) < f(x,)

Ham s6 [ c6 cuc tiéu tai x, néu véi moi © € E ta c6 f(z) > f(z,)
DPiém z, tal do ham s6 ¢o cuc dai hodc cuc tiéu dugc goi la diém cuc tri cla
ham sé. , , ,
Trong chung minh dinh 1y Rolle ta da thay: Néu ham s6 f(z) kha vi cé cuc tri
tai z, thi tai d6 dao ham ciia ham sd bi triét tiu: f'(z) = 0.
boé qlél diéu kién cﬁ,n cua cyc tri. Nhung diéu kién dé khong du.
Chang han ham s6 f(z) = #° ¢6 dao ham triét tiéu f'(z) = 32" =0 tai 2 =0

<0 f(z)<f(0)=0 ,
Véi = Ham s6 khong c¢6 cuc tri tai 0.
z>0 f(z)> f(0)= 0}

Picu kién dii ciia cue tri ’ 9
1) Dinh ly 1: Gid sir ham so6 f(x) lién tuc trong khoang (a,b) chwa diem x,, kha
vi trong khodng dé (cé thé trir tai x,). Néu dao ham f'(x)doi dau khi = qua
x, thi ham co cuc tri tqi z,.

Cuee tri do la cue dai néu f'(x) doi dau tir + qua —.

Cuee tri d6 la cuwc tiéu néu f'(z) doi dau tir - qua +.
That vay, néu f/(z) >0 trong (a,z,) thi ham s6 f ting trong khoang d6 nén
fl@) < f(=)-

Néu f'(z)<0 trong (z,,b) thi ham sb f giam trong khoang d6 nén
f(2) < £ (,).
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Voéi moi z thudc lan can cua z,ta co f(z) < f(z,). Vay tai z, ham s6 ¢co cuc
dai.

Chung minh twong tu cho truong hop cuc tiéu.

Chu y: Khong nhat thiét ham s6 phai kha vi tai diém cuc tri z, .

Chang han, ham s6 f(z) = |zl ¢ cuc tiéu tai = 0 nhung tai d6 ham s6 khong
kha vi.

Két hop véi cac két qua trén ta c6 quy tic tim cuwe tri clia ham sé:

a. Tim cdc diém thudc mién xdac dinh ciia ham sé ma tai dé dao ham cia ham s6
triét tieu hodc khong 16n tai;

b. Xét dau ciia dao ham tai lan can cdc diém dé, néu dao ham c¢é dau khdc nhau
& hai bén diém dé thi diém dang xét la diém cuec tri.

Thi du: Ham sé f(z) =e* ¢o cuc dai tai z = 0. That vy, f/(z) = —2ze ", voi
z <0 thi f(z)>0;voi z>0 thi f'(z)<0 dao ham c6 ddu khac nhau & hai bén
diém z = 0.

2) Pinh 1y 2: Gid sir ham s6 f(z) ¢6 dao ham lién tuc t6i cdp hai & lan cdn diém
x, (ké ca tai ca x,). Néu f'(z,)=0 va f"(z,) =0 thi ham s6 cé cuwc tri tai x,. Cu
thé la:

Néu f"(x,) > 0 thi ham so co cuc tiéu tai x,.

Néu f"(z,) < 0 thi ham s6 cé cuc dai tai =,.
That vay, tir khai trién ham s6 f theo cong thirc Taylor dén cap hai:

[ (= f'(z 2 2

f(z)= f(a;o)+¥(:z; —x())+%(9§ —-z,) +a(z-z,);
Do f'(z,) =0 nén:

f@)—f(z,) = %(m—xof +a(x—x0)2;
a—)Okhix—)xO'
O lan cén cua z,, diu cla f(z)— f(z,) 1a dau cua f(z,).
Do d6 néu f"(xz,) >0 thi f(x)> f(z,) ham so c6 cuc ti€u tai z,. Néu f"(x,) <0
thi f(z) < f(z,) ham so co6 cuc dai tai z,.
Thi du: Xétham sb f(z) = e, taco: fi(z) =2z ; f(z)=0khiz=0
f(x) = —2(1 - 2:1:2)6"’2; f"(0) =-2. Ham 6 ¢o cuc daitai z = 0.

3.5. HAM SO LOI, LOM, PIEM UON ‘ ‘

Dinh nghia: Do thi ham so f(x) dwoc goi la 16i (chinh xdc hon la l6i trén) trén
doan [a,b] néu né nam phia dwéi moi tiép tuyén véi do thi vé trong doan do.

Do thi ham sé f(z) duwoc goi la lom (chinh xdc hon la 16i dwdi) trén doan [a,b]
néLf né nam phia trén moi tiép tuyén VOi d& thi vé trong doan do. . )
Diém trén duong cong ngan cach phan 161 va phan 10m dugc goi 1a diém uon.
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Pinh 1y. Gid sir ham sé f(z) c¢é dao ham lién tuc téi cdp hai trong mét mién
chita diém =,.

Néu trong mién @6 f"(z) > 0 thi do thi ham sé la lom;

Néu trong mién d@é f"(z) < 0 thi do thi ham sé la 16i.
Chirng minh: Ta khai trién ham sb ftai 1an can z,theo cong thirc Taylor dén
cap hai:

f(z)= f(xo)+%(x—xo)+m(x—xo)2 +0¢(:L‘—aco)2

21

Phuong trinh tiép tuyén voi db thi tai M, (z,,v,):

qy = f(x0)+f'(x0)(x—x0) ,
ggi M la diém c6 hoanh d¢ z trén dudng cong, Pla di€ém c6 hoanh d6 = trén
tiép tuyén tai M (z,,vy,), ta co:
P = fi)~y =L (0 (o)
Do a —> 0 khi & — z, nén & 1an can cua z, déu cia PM 1 ddu cua f(z,). T
do:
Néu f"(z,) >0 thi PM >0: diém M nam phia trén diém P, tirc 12 dudng cong
nam phia trén tiép tuyén: ham s6 16m trong 1an cén z, ;
Néu f"(z,) <0 thi PM <0: diém M nam phia dudi diém P, tic 1a ham s6 16i
trong lan can z,.
Tu két qua trén ta suy ra rang: Néu tai =, ta c6 f"(z,) =0 va f'(x) doi dau khi
x qua x, thi ham sé f(z) ¢ diém uon tai =,.
Thi dy: Xét ham s6 f(z)=e ", ta co: f(z) = -2ze"; f'(x)=-2(1-22")e";

. 1

"(r)=0 khi z =+—.
d )

. 1 1
Véi z < ——= vaz>—, f'(z) >0 ham Idm trong cac khoang do.

7 N g g

. 1 1 X.

Véi ——= <z <—, f'(x) <0 ham 161 trong khoang do.
E gt g khoang

. 1 .. , 3: R ,(
Tai z =+ Wi ham c6 diém uodn.

3.6. KHAO SAT HAM SO
Pé khao sat sy bién thién va dang cia mot ham sb cho bang biéu thirc giai tich
y=f(x) ta thuong tién hanh theo cac budc sau:

1. Tim mién xdc dinh ciia ham. Néu ham 1a tudn hoan thi chi can khao st
n6 trong mot khoang c6 do dai bang chu ky. Néu ham chin hay 1¢ thi chi can
khao sat n6 trén mién tng voi x> 0.

2. Tim cdc khoang don diéu va cdc cuc tri.
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3. Tim cac khoang 16i, 16m, diém uén néu can thiét.
4. Néu ham c6 nhdnh vé tdn, can xac dinh dang cia ham d6i voi nhanh vo
tan.
Puong cong biéu dién ham y=f (x) c6 nhanh vo tan khi it nhat mot trong
2 toa d6 x hodc y ciia mot diém M thudc duong cong dan to1 oo.
Duong thang (D) la tiém cdn ciia duwong cong (C) néu khodang cach MH tir
mét diém M trén dwong cong dén dwong thang dan t&i 0 khi M ra xa vé tan.

a) Néu khi x —»ama f(x)—> o thi duong thang x=a la dwong tiém cdn
dirng cua duong cong y = f(x). Trong nhiéu trudng hop cn phdi phan biét tiém
can dung phia phai (tng véi x —a+0; hodc tiém can dung phia trai (ing voi
x—>a-0) ) 7

b) Néu khi x>0 ma f(x)—b thi duwong thang y=0> la duong tiém cdn
ngang cua duong cong y = f(x)

¢) Néu f(x)>o khi x—>w va tdn tai céc gio1 han:
kzlimM; b=lim[ f(x)-kc] thi duong thang y=kx+b la tiém cdn xién ciia

X—>0 X X—>0
dwong cong y=f(x).
Trong truong hop nay ta co: lim[ f(x)-(ke+b)]=0.
Trong nhiéu truong hop can phan biét tiém cdn xién phia phdi (vGi x — +)
va tiém cdn xién phia trai (Vo1 x — —») .
Cic thi du vé khao sat va vé do thi ciia ham s6
Thi dy 1: Khao sat va v& d6 thi ctia ham s6: f(x)=¢
Ham x4c dinh v6i moi x. f'(x)= 2xe™; f'=0 khi x=0; 7(0)=
Lap bang xét ddu cuia dao ham dé biét chiéu bién thién ciia ham sb:

2

X | -0 0 400
F’ + 0 -
F |0 A 1 N 0

Véi 2 < 0 ham sb tdng, v&1 x > 0 ham ) giam, tai = 0 ham s6 ¢o cuc
dai, gia tri cuc dai béng 1.
Ta xét dao ham cip hai va 1ap bang xét ddu dao ham cép hai dé tim cac khoang
16i, 16m cua dudng cong:

") = 2272 — e . ! = ; :iL
f(x) =222 —1)e™; f"=0khix 5
1 1
x —00 — —_ +00
V2 V2
I + 0 - 0 +
f Lom 1 38 L 16m
NG 161 NG
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Db thi c6 hai diém uén (-%,} } 5.

Khi z — +oo thi f(z) — 0, duong y = 0 la ti¢ém can ngang.

Do thi cua ham c6 dang hinh chu6éng. Ham nay co nhiéu ung dung trong 1y

thuyét xac suat.

Thi du 2: Khao sat va v& d6 thi ciia ham sé f(z) = (5 — 2)¥2?

1. Ham x4ac dinh véi moi z .
1 52—z

2. flw) = V& + (5— )20t = 22 | |

f(z) = 0 khi z = 2, ngoai ra dao ham khong ton tai khi 2 = 0. Ta 1ap bang bién

thién:

) va (45

¥ - 0 2 + o
£ — I + 0 —
fl+eo ™, 0 3T . T

Tai z =0 hélmc() cuc tiéu f(0) = 0; tai z = 2 ham c6 cuc dai f(2) = 3¥4.

Ta cht ¥ rang tai z =0 ham co tiép tuyén thing dimg (dao ham vo cuc); tai
z = 2 ham c6 tiép tuyén nam ngang (dao ham triét tiéu).

3. Ta khong khao sat tinh 161, 15m.

4. Ham c6 nhanh v6 tan nhung khong c6 tiém cén 1a dudng thang. Do thi cit
truc Ox tai z = 5.
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BAI TAP

7.1. Tinh cac dao ham cuia ham so sau:

1) y=03x*+5x-1)" 1 .

)y 37 ) 5)y= 1

2) y=5xt=3x; 6) y = tg1— 427 ;

3)y:;; 7) y = sin® z — t¢*2x;
3xt —2x% +1 8 - .
1 ) y = sin’[(x — D)Vzx];

4)y:sm?;

7.2. Tinh cac dao ham cta ham sb:
.2
1) y=arcsin=
X

arccos x
2) y=

1
3) y= arctgz—;
X

_ z+1.
4)y—arctgx_1,
S)y:arctglnTx;

6) y = %VaQ —z? +%2arcsin%

7.3. Tinh cac dao ham cua:

l) y = 1n” x 6) y = ae™";

2) y=Insinx 7) y=eh;

3) y=x"log,x; 8) y = Ae ™ sin(wzr + ¢);
4) y =1In(l —2z);

5) y =20,

7.4. V6i gié tri ndo cua a thi hai dudng y=ax? va y=Inx sé tiép xuc v4i nhau?
7.5. Radium bi phan huy theo cong thirc m(¢) = Ce ™, trong d6 m(r) 1a khdi lugng
radium hién c¢6 ¢ lac ¢; C,k 1a cac hang s6. C6 1g radium dé phan huy, sau 1
triéu ndm n6 con 0,1g. Tinh toc do phan huy. , i
7.6. Cuong do dong dién khong doi 1a dién luong di qua thiét dién cua day dan
trong mot don vi thoi gian. Hay cho dinh nghia cua cuong d6 dong dién bién
doi. Ap dung: dién lugng di qua day dan tinh tr lic #=0 dugc cho bdi cong
thirc O =2¢*+3¢+1 (cu-long). Tinh cuong d6 dong dién ssau 5 gidy.
7.7. Ching minh rang néu ham f(x) c6 dao ham tai x, thi:

}ll_l;% f(xo + h)z_hf(xo — h) — f'(xo)
7.8. Tinh dao ham cua ham y =arcsin(2xv1—x?) i so sanh v6i dao ham ham
z=arcsinx. Tir d6 suy ra mdi lién hé giira y va z.
7.9. Tinh cac tong
1) P,=1+2x+3x*+...+ nx""
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2) S, =sinx+sin2x+...+sin nx
3) C,=cosx+2cos2x+...+ncosnx
7.10. Tim dao ham cap hai cia cac ham:

—x*

1) y = xe
1
2) y=

1+x°

3) y=(1+x")arctgx ;

4) y = In(z + 1+ 27);

7.11. Tim dao ham cap n cia cac ham:
) y = ™

2) y =sinax + cosax

3) y=sin*x+cosx;
7.12. Cho ham s6 y=x*—x. Tinh Ay va dy tai x=2 khi lan luot cho Ax céc
giatri 1; 0,1; 0,01. Tinh cac gié tri twong Gmg ctia ty s R = ‘AJZA—)_;)/‘

7.13. Tim vi phan cta cac ham so:

Dy =3 Dy=Ni-d:  By=—tor Ay=hyi-§
7.14. Tinh gin dang: 1) 30, 95;  2) c0s60°06'; 3) arctg0,98;
7.15. Dung quy tic Lopitan tinh cac gii han sau:
1) 1im 220X, 4) 1im (i_ L j;

x=0 X =0 \x et -1

2) J}_(:I;I(IJ’I (x2 1in X); 5) J}.{irg(sin x)*;

xe? 6) lim (1 + x)"";

3) lim —;
o0 x e )
7.16. Tim cuc tri cua ham so:
4
Dy =——; 2) y=x1-x";  3) y=l-(x-2)5;
nx

7.17. Tim céc gia tri a va b d¢ ham:
y=alnx+bx*+x coOcuctritai x,=1,x,=2.

7.18. Khao sat va vé do thi cac ham so:
3

Dy = X; % 2) y=R1-2"5  3) y=3x’(x-2);
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CHUONG 8
PHEP TiNH VI PHAN HAM NHIEU BIEN

§1. HAM SO NHIEU BIEN SO

1.1. PINH NGHIA o
Mot ham so thuce cua n bién 6 thuc 1a mot anh xa tir tdp hop R” (tdp hop

cac bd n sd thuc) vao tap s6 thuc R.

Noi cach khac, véi méi bé n sé thuc (Xl, X5, ---,Xn)ERn ta co twong ung
mét s6 thwc ueR theo mot quy tic f nao d6. Phan tr u <R, anh cia phan tir
(Xl, Xy, ---,Xn) €R" qua anh xa fsé dwoc ki hiéu la u = f(x,, x,, ...,x,)

Pé cho tién ta ding ngay ki hiéu trén dé chi ham n bién va can hiéu la:
Ham n bién:

f:R" >R

u= f(x,,x2,...,xn)
Thi du 1. Cho ham hai bién f:R* >R z=:Ja’—x" -y (1.1)
Ta thdy ngay rang dé c6 z twong Gmg v6i (x,y) theo ham trén thi cac sb (x, y)
phai théa min diéu kién

a’-x>-y*>20 hay x*+y*<a’
Mién chtra diém (x, y) théa man diéu kién trén cling duogc goi 1a mién xac dinh
ctia ham, ¢ ddy 1a mién hinh tron tdm O, ban kinh a (ké ca dudng bién)
Ham (1.1) ¢c6 mdt hinh anh hinh hoc 1a ntra mat cau tdm O ban kinh a ndm phia
trén mit phang xOy.
Thi du 2. Hdm hai bién f:R* >R z=ax+by+c 1a ham bac nhat d6i v6i hai
bién x va y. N6 xac dinh v&i moi (x,y) va c6 hinh anh hinh hoc 13 mot mat
phang trong khong gian.
Chit y 1. Néu ta cho mot sd bién ciia ham nhiéu bién cac gia tri khong doi thi ta
s& c6 ham véi sb bién it hon. Chéng han v&i ham hai bién z= 7 (x,») néu ta cho
y=y, khong ddi trong sudt qua trinh khao sat thi ta c6 ham ctia mot bién x:
z=f (x, Yo ) .
Chii y 2. Néu trong ham hai bién z=f(x,y) ta cho z gia tri khong d6i C thi
phuong trinh £ (x,y)=C néi chung biéu dién mot dudng cong nao d6 (la giao

tuyén ciia mit phang z=C voi mit cong z= f (x,»)). Trén dudng cong nay, cic
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gia tri ciia ham 13 nhu nhau. Ta goi né 1a dudong déng mtc cua ham £ (véi muc
C). Biéu dién mot sé duong dong mirc trén cung mot hinh vé ta ¢c6 mot hinh anh
vé ham dang xét. Thi dy, trén mot ban dd dia ly, céac diém co cung mot do sau
duoc ndi véi nhau bang cac duong déng muc.
Véi ham ba bién f(x,y,z), cac mdt f(x,y,z)=C la cdc mat d6ng muc. Thi du
trong vat 1y hoc, néu ham f 1a mot ham thé, cho gia tri cua thé ning tai cac diém
trong khong gian thi mit ddng mic chinh 13 cac mit dang thé.
1.2. GIGI HAN VA LIEN TUC 7

Ta coi mot b n so6 thuc (x,, x,,..,x,) nhu mét diem M trong khong gian n
chiéu R". Nhu vay ham n bién u = f(x,x,,...x,) s& dugc coi nhu ham cta diém
M: u=f(M).

Ta goi khodang cdch gitta hai diém A4(a,, a,,..,a,) va M(x,x,,..,x,) la so:

d(AM)=\(x,~a) +(x,~a,) +..+(x, ~a,)’

.2 A L. . N X, —=>a
biém M dan t6i M,: M — M, khi va chikhi {2 "~

Dinh nghia:
1. Ham u= f(M) c6 gidi han la | khi diém M dan t6i diém A néu véi moi &>0
cho truéc ta im duwoc mét s6 >0 sao cho : khi 0#d(A,M)<5  thi
1f(M)-1|<e.
Ta viet Al/llg}clf(M):l
2. Ham u= f(M) duoc goi la lién tuc tai diém A néu:
a. N6 xdc dinh tai A (tiec la gid tri f(a,, a,,..,a,) cO)
b. AI}LnAf(M):f(A)

§2. PAO HAM RIENG VA VI PHAN CUA HAM NHIEU BIEN

2.1. PAO HAM RIENG
Gia str f 1a mot ham n bién xac dinh trong mot mién xac dinh chira diém

(x,,x,,..,x,) . Ta cho sO x, m0t s0 gia Ax, con gilt nguyén cac bien khac (coi nhu

ham chi chira bién x,)
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Xét ty s6

N S (Xseeon Xy Aoy X, ) = (X Xy X, )
Ax, Ax,

1 1

Néu Ax, >0 ma ty s6 trén c6 gidi han thi gidi han cua n6 dugce goi 1a dao ham
riéng lay theo bién x, tai diém (x,x,,...,x,) ciaham f.

z,izl,Z,...,n hay

X

1

Ta ki hiéu dao ham riéng cuat ham £ 1ay theo bién x la

fi (x, Xy, ).
Nhu vay mudn tinh dao ham riéng cua mot ham 7 theo mot bién nao do ta chi
viéc tinh dao ham cua ham d6 theo bién dang xét (coi nhu ham mot bién), con
cac bién khac coi nhu hang sd.

Thi du 1: Tinh cac dao ham riéng ctia ham hai bién f (x,y)= 2
X

, 9 1Y o 1, v 1
tooh Eoy{t] oz, Loty !

Ox x), X oy x X

Thi du 2: f(x,y)=x". Khi ldy dao ham riéng theo x, coi nhu hing sé nén ap

dung quy tic dao ham ham luy thira: 21 = y*"'. Khi ldy dao ham riéng theo vy,
X
coi x nhu hang sb nén 4p dung quy tic dao ham ham md: Zl =x"Inx.
X
Thidu 3: f(x,y,z)= x> +y> +z2°
A S S S S

ox P +yi 420 Ty B X +yi 420 Loz X +yi 420 ’
Néu dat r=+/x* +y> + 2> thi r 1a 6 dai ctia véc to OM vé6i M(x,y,z); g0i o, B, ¥
1a cac gbce tao bdi véc to OM vai cac truc Ox, Oy, Oz thi:

o _x o _y_ of

z
=cosq; — cosff; —=—=cCosg;
ox r oy r oz r

2.2. CAC PAO HAM RIENG CAP HAI

Néu ham z = f(x,y) c6 cac dao ham riéng theo x trong mot mién D nao d6

thi ¢6 thé coi f/(x,y) 12 ham cua hai bién x, y. Néu ham nay lai c6 cac dao ham

riéng thi cac dao ham riéng cia f! theo x va theo y dugc goi la cidc dao ham
riéng cép hai:

o (of

Pao ham riéng cap hai ca hai 1an theo x: —(—J =
ox \ Ox

o' f
ox?

hay f,
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14 ~ 1 2
Pao ham riéng cap hai hon hop, theo x roi theo y: i(—j _9f hay f!
oy\ox ) OxOy !
2
Pao ham riéng cap hai hdn hop, theo y roi theo x: o919 |.2f ay f!
ox\ oy ) oyox g
2
Pao ham riéng cap hai ca hai lan theo y: K ]: hay f”
oy\oy ) oy ?

Ta thira nhan rang: néu cac dao ham hdn hop cap hai ciia ham z = £(x,y) 1a lién
tuc thi ching bang nhau: 7 (x,y)= 17 (x,)
Thi du: Vi ham hai bién z = x’y® =3xy’ —xy+1 ta co:
. \ ‘A £ oz _ 3 0z 3 )
Céac dao ham riéng cap 1: —=3x"y* -3y’ —y; —=2x"y-9xp* - x;
ox oy
Céc dao ham riéng cip 2:

2 2
E=6xyz; 2)}—522)63 —18xy

ox®

2 2
0z =6x°y-9y> —1; 0z =6x°y-9y° -1
0y0x oxoy

Céac dao ham riéng cua cac ham dao ham riéng cap hai (néu c6) dugc goi la cac
dao ham riéng cap ba. Néu cac dao ham riéng 14 lién tuc thi ching khong phu
thudc thir tu léy dao ham.
Ta ciing co cac két qua twong tu cho cac ham nhiéu bién hon.
2.3. VI PHAN TOAN PHAN

Cho ham hai bién z= f(x,y) x4c dinh trong mot mién nao d6 chira diém
(x,,7,). Ta xét s6 gia toan phan cua ham tai diém (x,,y,):

Af = flxy +Ax, o + Ay) = £(x0. )

Ciing nhu d6i véi ham mét bién néu ta c¢6 cé thé bi€u dién so6 gia Af dudi dang:

Af = AAx+ BAy +a(p),  p = Ax? + Ay? 2.1)
Tic 12 né gdm hai phan:
+ Thanh phan tht nhat, bic nhat dbi voi Ax, Ay (A, B doc 1ap véi Ax, Ay );

+ Thanh phan thir hai 13 mot vo cung bé cip cao hon p, tic 13 alp) — 0 khi
P

p—0 (ca Ax va Ay déu tién vé 0).
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Khi 0, thanh phdn AAx+ BAy, phdn chinh bdc nhdt doi véi Ax, Ay ciia sé gia
Af s€ dwge goi la vi phan toan phdn cia ham z= f(x,y) tai diém (x,,,). No
dwoc ki hiéu df (x,,y,) hay gon hon ld dz .

Thi du: Tim vi phan toan phan ciia ham z = f(x,y)=x* +y°

Ta cd Af =(x, + Ax)’ +(y, +Ay)’ —(xoz +y02)= 2x,Ax + 2y, Ay + Ax® + Ay’

A 2 2
O day a(p)=Ax* + Ay? vi alp) _ A& +4y =JAx* +Ay* -0 khi p >0

P A+ A

(Ax —> 0, Ay >0}, a(p) 14 vo cing bé cb cdp cao hon p

Vay: df (x4, ¥,) = 2x,Ax + 2y, Ay
Dinh Iy: Néu ham z = f(x,y) ¢ vi phan tai (x,,y,) thi né cling c6 cac dao ham
I‘iéng tai (xo’yo) va M:A va af(xo,yo):B

ox 8)}

Thyc véy, ta cho trong (2.1) Ay =0: f(x, + Ax, y, )= f(x,, v, ) = AAx + a{|Ax])

f(xo +Ax, y, +Ay)_f(x0’y0) — 4+ lim QQAX|)

lim
Ax—0 Ax Ax—0 AX
Khi Ax— 0 thi gi6i han cudi cing bang khong vi a(Ax) 12 v6 cing bé cap cao
hon Ax. Vay M = A. Ching minh twong ty ta c6 —6f();0,y0) =B
o y

Ta thira nhan két qua sau:
Nguoc lai, néu ham z = f(x,y) cé cic dao ham riéng lién tuc tai (x,,v,) thi né cé

vi phdn tai diém do va

df(xo,yo):af(xo,yO)AX'i'af(xo’yO)Ay (22)
ox oy
Sau nay dé tinh vi phan toan phan ciia ham hai bién ta s& ding cong thirc (2.2).

\ A, o . o) 0.
Ta thuong viét né dudi dang thu gon: dz = a—ZAx + éAy .
X
Néu céc bién s6 x, y ciia ham hai bién z = £(x,y) doc lap thi ta cling co dx = Ax
va dy = Ay, khi d6 vi phan toan phan ctia ham hai bién con duoc viét dudi dang:

0 0
dz =L ax+ E dy
ox oy
Ta ciing c6 két qua twong ty cho ham sb nhiéu bién hon, chang han v&i ham cua

ba bién s6 doc 1ap u = f(x,y,z) ta ¢ vi phan toan phan ctia no:
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du :a—ud +a—ud +a—udz
ox oy oz

Thi dy: Tim vi phan toan phan ctia ham u = xyz tai diém (x,y,z).

ou ou ou
Tacd —=yz; —=xz;, —=2xy;
ox oy oz
Tu do: du = yzdx + zxdy + xydz

2.4. AP DUNG VI PHAN TOAN PHAN VAO TINH GAN DUNG VA
DANH GIA SAI SO

thirc tinh gan diing
f(x0+Ax,y0+Ay);f(xo,yo)+

Thi du: Tinh gan dang 1,02**
Xét ham z=x" va ap dung cong thirc gan dung trén:

8f(xo’ YO)
ox oy

(x, + Ax)yU+Ay = x," + y,x," " Ax + x,” In x, Ay
Cho x, =1, Ax=0,02, y, =4, Ay =0,05 ta c6

1,02%% =1* +4.1°0,02+1*In 0,05 =1,08
Bay gio xét mot ap dung cuia vi phan toan phan vao viéc danh gié sai sb
Gia str ta phai tinh gid tri ciia ham cho truéc z= f(x,y) tai cac gid triclax vay
ma ta chi biét ching mot cach Xap xi. Noi cach khac voi gia tri x ta mic phai sai
s& Ax, voi y ta mac phai sai sb Ay, nhu vay khi tinh z theo cac gia tri
x+Ax, y+Ay ta s& mic phai sai s, sai s6 d6 chinh 1a Az. Do Ax, Ay kha bé nén ta
c6 thé thay Az boi dz. ‘ , ,
Thong thuong sai sO Axcua gia tri x, vé tri tuyét déi khong vuot qua mot so
duong A nao dé, sé A, nay duoc goi la sai s6 tuyét ddi ciia x: [Ax|<A.,.
Tuong tu [Ay|<A,, v6i A, 4 sai s6 tuyét dbi cuc dai cua y.

Tir do, |az|=|de] <|Z|a, +[%Z] A
ox| * |oy| 7
_|oz 0z
Vay sai s6 tuyét ddi cuc dai cia z 1a: A, =|—|A_ +|—|A
ox oyl 7
Chii y: Nhiéu khi nguoi ta ding sai s6 tuong ddi cuc dai ctia z, d6 1a ty so:
A,
5. =
ol ol
Nhu vay, o, <[5 |22, |20, om0l
z z | ox oy |

Sai 50 twong doi cuc dai ciia z bang sai so6 tuyét doi cia Inlz|.
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2.5. PAO HAM HAM SO HQP

Cho ham s z=f(x,y) c¢6 vi phan (khd vi d6i v6i x va y). Gia st x va y khong
phai 12 bién s6 doc 1ap ma 1a ham cta mot bién t ndo do: x=x(r), y=(¢) voi gid
thiét chung 1a cac ham kha vi dbi voi t. o ,

Nhu vay, vé thuc chat ham z= f(x,y) la ham cta bién so t, va ta muon tinh dao
ham cua no theo t. o

Vi ham f c6 vi phan nén ta c6 thé viét: Af = AAx+BAy+a(p)

N a NETO A TS
Tu do: E:A£+B£+—(’D) . A,B d0c 1ap vdi Ax, Ay nén ciing doc lap voi At
At At At At
nén khi Ar — 0thi: A£—>Aﬁ, ——>BQ
At dt’ At dt

Mit khéc, AZ’):“(P).VA" vy _a(p) (ﬂjz{ﬂjz

yo, At yo, At At
Céac ham x(¢), y(r) kha vi nén lién tuc, vi vay, khi At — 0 thi ca Ax, Ay —»0 tic la
o — 0. Theo dinh nghia cua vi phan (p) —0khi p—0. Vivay:
Yo,

Khi ar0: 22 . (dxj +(dyj ~0
Yol dt dt

vay lim —— & A-ﬂ+B-d—y hay ﬂzgﬁ+gﬂ
A0 Af dt dt dt ox dt 0Oy dt
Ta c6 thé mo rong két qua trén cho truong hop ham hop cia hai bién:
zzf(x,y) Vo1 xzx(u,v); yzy(u,v)
Khi d6 néu ham z 13 kha vi d6i véi x, y; cac ham x, y kha vi d6i v6i u, v thi ham
hop z= f[x(u,v),y = y(u,v)] cling kha vi d6i véi u, v va ta co:
a _of dx o dy
du Ox du 0Oy du
4 _o & o &
dv Ox dv 0Oy dv
Thidul: z=¢"""

x
Ta co: % _ 2xe’ & _ 2yex2+y2 ; & _ —asint; Y _ bcost
oy dt dt

=acost,y =bsint

Ox
tur do:
ZZ 2e8 Y (- axsinterycost)zex2+y2 sin2t(b* —a’)
t
Thidu2: z=x+y> trongdd x=u+v;y=u—v
Khi do:

dz 82@ oz dy—2x+2y 4

du  ox du ay du

%:82 @+82 Y =2x-2y=4v
dv oOx dv oy dv
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§3. CUC TRI CUA HAM NHIEU BIEN

3.1. PINH NGHIA

Ham n bién z= f(x,x,,..,x,) co cuc dai tai (x,x,...,x") trong mot mién D
néu voi moi diém (x,,x,,...x,) thudc mot lan cdgn di nho cia diém (x°,x2,...,x°)")
ta co:

f(xl,xza“',xn)gf(xloaxg,---,x;(:)

Ham n bién z = f(x,,x,,...x,) 6 cuwc tiéu tai (x°,x,...x°) trong mét mién D
néu véi moi diém (x,,x,.,...,x,) thudc mot lan can dit nhé cia diem (x°,x2,...,.x°)"
ta co:

L XX, )2 (X)X, X0).
Thi du: Ham z= f(x,y)=x+)" co cuc tiéu tai (0,0) vi vay véi moi x, y ta ludn
co: f(x,y)=xz+y2 >0=£(0,0)
3.2. PIEU KIEN CAN CUA CUC TRI

Neu ham kha vi z= f(x,%,,....x,) cuc tri tai diem (x),x),..2)) g5 b0 dao

ham riéng cua ham tai diém do triét tiéu.
Ta ching minh cho truong hgp ham hai bién z= f(x,y). Gia sit n6 c6 cyc tri tai
diém (x,,y,). Xét ham mot bién z= f(x,y,), do gia thiét né c6 cuc tri tai diém

A 1ean A ) Sy Ay 1s A , Oz . 222
x = x,, theo diéu ki€n can cta cuc tri ham mdt bién ta co P 0 tai diem (x,,y,).
X

Tuong tu ta co 2—2 =0 tai diém (x0,%,) -
Y

Trong thi du & phan trén ta da chimg t6 ham z=x*+y* ¢6 cuc tiéu tai (0,0).

Ta co % =2x=0; 2—;— 2y =0 tirc 14 cac dao ham riéng tai diém cuc trj (0,0) triét
tiu.

Can chu y rang diéu kién cac dao ham riéng triét tidu chi 1a diéu kién can chur
khong phai 1a du.

chang han ham z=x"-)* cd cac dao ham riéng triét tiéu tai (0,0), nhung tai do
n6 khoéng cé cuc tri. Ta cd £(0,0)=0. Néu ta léy cac diém (x,y) thudc lan cin
diém (0,0) ma x>y thi f(x,y)>0 con néu léy cac diém (x,y)ma x<y thi
f(x,y)<0 (hinh 30)

Ham khéng thoa man dinh nghia cta cyc tri tai diém (0,0). Diéu kién du cua cyc
trj ham nhiéu bién kha phirc tap. Ta phat biéu & ddy ma khong chimg minh.

Picu kién dii clia cure tri ham hai bién: , ’

Gid sut ham z= f(x,y) lién tuc cung v&i cadc dao ham riéng cap mot va cap hai
ctia né trong mot mién chira diém (x,,y,). Tai (x,,¥,) cac dao ham riéng cip mot
triét tiéu. Ky hiéu cac dao ham riéng cip hai tai (xp,,) la:
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2 2 2
(] (5]
* (Xo»}’o) xey (Xoay'o) y (Xo’.Vo)

Néu AC-B>>0 ham f(x,y) cé cuc tri tai diém (xy,%,). Cuec tri do la cuc
dai néu 4<0; la cuc tiéu néu A>0.

Néu AC-B*><0 ham f(x,y) khong cé cwc tri tai diém (%957, ) -

Néu AC-B*=0, ta khong két luan dwoc. Noi cach khac, tiéu chudn nay
khéng c6 hiéu liec ta phdi dimg cdc tiéu chudn khdc hodc ding dinh nghia cuc
tri dé khdo sat.

Thi du: Tim cac diém cuc tri ciia ham z =2x° +x° +5x° +)°
Cho cac dao ham riéng cép mot triét tiéu ta duoc hé {6x2 +y' +10:=0
2xy+2y=0
Tir phuong trinh hai ta dugc x=-1 hodc y=0. Thay vao phuong trinh dau, ta

tim dwoc bén diém M, (0,0), M, (—g,oj,m (-1,2), M, (-1,-2) .

2 2 2
Ta tinh cac dao ham riéng cap hai: a—f =12x+10; 0z _ 2y; a—f =2x+2
Ox Ox0y oy

Tai M,:4=10;B=0,C=2, AC—B* >0, 4>0: ham c6 cyc tiéu.

Tai M2:A:—20;B:0;C:—§,AC—32>0,A<0: ham c6 cuc dai

Tai M,:A=-2;B=4;C=0, AC - B* <0: ham khong co cuc tri

Tai M,: 4=-2; B=-4,C=0,AC- B’ <0: ham khong c¢6 cuc tri

Chii y: trong nhiéu truong hop dic biét 1a trong cac bai toan tim gia tri 16n nhat
hodc gia tri nho nhét, néu ta biét réng bai toan dang xét chic chén co cuc tri ma
ta chi tim dugc mot diém tai d6 co cac dao ham riéng cép mot triét ti€u thi s
dung diéu kién can cua cuc trj ta c6 thé két luan diém ta tim dugc 1a diém cuc tri
tranh phai dung diéu kién du cta cuc tri vi nd kha phuec tap.
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BAI TAP
8.1. Tim mién xac dinh cia cac ham sau:
1

I=———— I= arcsin(izj
Ja —x -y y
z=ln[—£} U=\x+y+z

y
8.2. Tim cac duong dong muc cua cac ham

Dz=2x+y; 2)z:£; 3)z:£
y Y

8.3. Cho ham sb

1) f (%)=, xw+=; tinh £/(2,1) f(2,1)
N 5 ,

2 2 ’
2)z=¢e"" .Tinh 2/, z’

x> %y
8.4. Chiing to rang ham z = yIn(x* — y*) théa man phwong trinh 12 - loz_ iz
xXox yoy y

o or

or 0
8.5. cho x =rcosp, y =rsing . Tim rog

¥ ¥

or O
8.6. Tim vi phan toan phan cua cac ham sb sau:
1) z=1In(x++/x>+ %)
2) u =e¢"(cosy + xsiny)
Du= X’
8.7. Chumg to rang néu biéu thitc P(x,y)dx+Q(x,y)dy 1a vi phan toan phan ctia
mot ham u(x, y) nao do thi ta co P _ 8_Q

oy Ox

8.8. Tinh gan dung:

1) arctg é’gi . 2)Y1,02°+0,05%; 3)+sin’1,55+8"""

b

8.9.

\ b " 4 14
1) Cho ham z=ylnx. Tim 2/, 2z}, z,

2) Cho ham z=1In tg(lj. Tim 2,

X

8.10. Cho ham
l)z:%lnz vOi u=tg’x,v=cotg’x. Tim z/
\%

2
2) 2= "0 y6i y=3x+41. Tim &
X +y dx
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2 2 2
8.11. Cho ham u =~ véi r=4x"+y>+z* . chliing t6 rang: ZL;JFZL;JFZL;:
r X )y Z

8.12. Bao ham theo hudéng. Nguoi ta dinh nghia dao ham cua ham z = f(x, y) tai

diém M (x, y) theo huéng véc to I = M—M1 vol M, (x,,y,) 1a giéi han (néu co) cua
ty s0:
f(M,)-f(M)
[MM|

néu dat Az=f(M))=f(M);x, =x+Ax, y, =y+Ay,p=|MMl| thi p=Ax* +A)’
va % = lplgg% Dung cong thic Az=dz+a(p),a - 0 khi p — 0. Chimg minh
rang néu ham z kha vi thi dao ham ctia n6 theo huéng /(cosx , sinx) s& 1a:

0z 0Oz oz .

— =—cosa+—sina

ol oOx oy
tir 46 hdy tim hudng ma theo d6 dao ham theo huéng c6 gia tri 16n nhat va tim
gi tri 16n nhat do.
8.13. Tim cac cuc tri cia cac ham
Dz=x+xy+y’ -3x—6y

1 Xy

2)z —Exy+(47—x—y)(§+zj
8.14. Chung minh rang trong sb cac hinh chir nhat c6 tong ba kich thudc khong
d6i thi hinh 1ap phuong c6 thé tich 16n nhat.
8.15. Cue tri ¢6 diéu kién. Cuyc tri ciia ham z = f(x, y) voi diéu kién giita x va y
thoa man h¢ thirc ¢(x,y)=0 dugc goi 1a cyc tri co diéu kién. Cach tim cuc tri co

khi |MM,| - 0; ky hiéu dao ham theo huéng / 13 % Nhu vy,

diéu kién: Xét ham z= f(x,y) véi o(x,y)=0. Co thé coi y 1a ham cua x:
y = y(x)nén z:f[x,y(x)]. Diéu kién can cua cuc tri la %:0 hay

X
o

dx  ox oy dx
Ta tinh Q Tt ¢(x,y)=0 cd d¢:a—¢dx+a—¢dy =0 nén @ __&
dx ox oy dx o,
Thay vao (a) ta co: %—ﬂfg =0 Lj =Lf (b)
@, Oy P P
Dat f, = 1 =—-A thi (b) tuong duong voi 2 g

!

o 9, ox

Vay dé tim cyc trj cia ham s6 z = f(x,y) véi diu kién ¢(x,»)=0 ta tim cyc trj

+Ap. =0, —+1¢ =0
P, Py ?,

ham phu (duogc goi 1a ham Lagrange):
F(x,y)=f(x,y)+A¢(x,y) v6i A 1a mdt hang so.
Ap dung: Tim cuc tri ciia ham z =xy véi diéu kién 2x+3y-5=0.
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CHUONG 9
PHEP TINH NGUYEN HAM

§1. NGUYEN HAM VA TiCH PHAN BAT PINH
1.1 NGUYEN HAM CUA HAM SO

Trong chuong 7, ta da xét bai toan dao ham: Cho ham sé F(z), tim ham
f(z) la dao ham ctia ham F(x):

f(z) = F'(x)
Trong chwong nay ta xét bai toan ngugc lai: Cho ham f(z), hay tim mdt

ham F(z) sao cho n6 c¢6 dao ham ding bang f(z) da cho:

Vidu: Cho f(x) = cosz thi F(z)=sinx vi:
F'(z) = (sinz) = cosz = f(x)
Pinh nghia: Him F(z) duoc goi 1a nguyén ham cia ham f(z) néu tai moi

x thudoc mién xac dinh ctia ham ta co:

xn—&-l

n+1°

Vi du: Nguyén ham cua cosx 1a sin z, nguyén ham cua z" la

Ta da biét rﬁng, néu mot ham sd c6 dao ham thi dao ham cua no 1a duy
nhat. Nhung néu mot ham s dd c6 mot nguyén ham thi né co vo sbé nguyén
ham. That vdy, néu F(z) 1a mot nguyén ham cua f(z) thi F(z) 4+ C véi C 1a
mdt hang so tuy y ciing 1a mot nguyén ham cua f(z).

Pinh Iy: Hai nguyén ham cia cing mét ham s6 chi sai khdc nhau mét
hang so.

Gia st Fi(z) va Fy(z) cung la nguyén ham ctia ham f(z)

Ta xét him &(z) = F(z) — Fy(x)

Ta c6: ®(z) = F'(z) — Flz) = f(z) — f(z) = 0.

Ham ®(x) c6 dao ham bang khong tai moi diém thudc mién xac dinh cua

nd nén co gia tri khong doi:
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®(z) = C hay F(z) — Flz) =C

Nhu vay dé tim moi nguyén ham ctia ham f(z) ta chi viéc tim mot nguyén
ham F(z) ctia né roi thém hang sé6 C' tuy y. Mudn tim mot nguyén ham thoa
mén diéu kién nao d6 ta tim tdp hop moi nguyén ham rdi xac dinh hang s6 C
nho diu kién da cho.

Vi du: Tim nguyén ham cia ham cosz biét nguyén ham dé bang 0 tai

T=73.

Tap hop céc nguyén ham cua cosz 1a sinx + C

Taixz%t&(:(’)sin%%—CzO hay 1+ C =0,C = -1

Vay nguyén ham can tim 1a (sinz — 1)
1.2 TICH PHAN BAT PINH

Pé tim nguyén ham cua ham $6 duoc thuan loi, ta dua vao khai niém tich
phan bdt dinh.

DPinh nghia : Tap hop moi nguyén ham cua ham f(z) dugc goi la tich phan
bat dinh ctia ham f(z) va duoc ky higu la: f f(x)dzx.

Dau [ la du tich phan, ham f(z) 1a ham s dudi dau tich phéan, dz 1a vi
phan ciia =, = chi bién sb ldy dau tich phan, f(z)dz 1a biéu thirc dudi dau tich
phan.

Nhu vay, néu F(z)1a mot nguyén ham cua f(z) thi: f flx)dx = F(x) + C
C 1a mot hing sb tuy y. Ta suy ra cac tinh cht cua tich phan bat dinh:

1) Pao ham cua tich phdn bdt dinh bang ham sé dwdi ddu tich phan:

/

[ f@)ds] =[F(z)+C] = f(x). Tir do:

d f f(x)dz = f(x)dx
Vi phén cua tich phdn bat dinh bang biéu thirc dwdi ddu tich phan.
2) Ta co: de(x) = F(z) 4+ C do dF(z) = F'(x)dz = f(x)dx.

3) Tich phdn bdt dinh cia mét tong cic ham sé bang tong cia cdc tich
phan ciia ting ham sé: f [f(z) + g(z)ldz = f f(x)dz + f g(z)dz .
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4) C6 thé dwa hang s6 khéng doi ra ngoai dau tich phan.
Néu k 1a mot hé s6 khong déi thi [ kf(x)dz = k [ f(z)dz.

C6 thé kiém chung cac tinh chéat 3, 4 bang cach ching to dao ham cua vé
phai va vé trai bang nhau.
1.3 BANG CAC TICH PHAN BAT PINH CUA MOQT SO HAM SO

Dua vao bang dao ham va dinh nghia tich phan bat dinh ta c6 :

ogy. — x*t! , _ dr__ _
f:z: dx—a+1~|—C', a=—1 cos’ 1 tgx + C
fx =In|z|+C e cot gr +C

S R dx _ <X
fadx—lna+C' fﬁ—ar681na+0

etde =e* +C de 1 z
f —a2+x2—aarctga+0
fsmxd:t:—cosx—i—C d

_ 1 a+x
aQ—x2_2aln|a—x|+C

J = =tn|o+a"Fa|+0

fcosxdx =sinz + C

Pé kiém ching cac cong thic trén ta chi viéc 1dy dao ham vé phai ta s&
duoc ham dudi diu tich phan. Chang han véi cong thirc (12):

[ln|x—|—\/x2—|—a|—|—0]

/
_ 1 [1+ x }: 1
r+J22 +a J2 +a J2 +a

Pé viée tim tich phan bat dinh dugc nhanh chong ta can hoc thudc long

bang tich phan trén.
§2. HAI PHUONG PHAP TiNH TiCH PHAN
2.1 PHEP DPOI BIEN
Gia st F' 1a mot nguyén ham ctua ham cua ham f va gia st z = ¢(t) 1a mot
ham kha vi nao d6. Ta xét ham hop: F(z) = F(y(t))

/

Pao ham cua né: {F (0]} = flA(t)] /().
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Theo dinh nghia tich phan bat dinh:
| @)/ (t)dt = F(g(t) + C = F(z) + C = [ fla)d
Tir d6 ta duoc cong thice d6i bién sd trong tich phan bat dinh:

J flaydz = | flp(t)e'()dt (1)

vOi = ¢(t) 1a ham kha vi.

Pé d6i bién so trong tich phan ta thay = = ¢(t) & ham dudi diu tich phan,
v6i (t) 1a mot ham kha vi, dz = ¢/(t)dt sao cho tich phan nhan dugc, véi bién

s tich phan 14 ¢, thudc loai tich phan trong bang néu trén.

Vidu I: fcos(ax+b)d:1:.Détt:a:r+b,tli’cla‘1:r: t_b,d:r: dt;

fcos (az + b)d 1fcostdt —smt+C —Sln(ax+b) +C

Vidu 2: f\/a? — 2%z . Pat x = asint,a® — 2? = a® cos® t,dx = a costdt;

fVa2 — 2?dx = facost.acostdt = a2f(3052 tdt = a2f—1 + %OSZt =
:%QIdt—l- 4= [ cos2tdt = t—|— 481n2t—|—C’

Dé trd lai bién 2 tachu ¥ 13: 2 = asint < sint :%(:) t= arcsin%.

2
sin2t:2sintcost:2sinx/1—sin2t:2£,/1—%:2%x/a2—:1:2
fx/ dx— arcsm + £ x/ 22 +C

Chii y: Thay d6i vai tro clia ¢ va x trong cong thirc (1) ta duoc:

| @) (z)dz = [ f(f)dt
Néu ta bién doi tich phan da cho & vé trai vé tich phan ¢ vé phai thi khi d6
ta dung phép d6i bién t = p(z).

Vidu 3: [ tgude

Ta viét f tgrdr = f sgéggx : dit t = cosx,dt = —sinzdz ta dugc:
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ftg:z:d:zs = —f%: —Injt| + C = —Inlicoszl + C
Vidu 4: f re” da;

dat ¢t = 2% dt = 2xdx — fxe“Qd:L‘ z%fetdt = %et +C z%ez +C

Vidys: [—4L

dat t =Inx,dt = d:z: fdt Injt| + C =In|lnz + C
xlnx

Chu y: Bat t = f(z),dt = f'(z)dz ta co:

1l ]}/((;;)) dz = In|f(z) + C

Vidu:
_2z+1 g 4 + 2 1
2x2+2a:+5 2[235 +2x+5$ 5In(2z* + 2z +5) + C.
2.2 PHEP PHAN POAN

Gia sir v va v la hai ham kha vi.
Tacod (uv) = u'v + wo'’
Tu do: f(u’v+uv’)dx:uv+0; fu’vdx+fuv’dx:uv+0

Do: v/dx = dv,u'dx = du

Nén:fudv—l—fvdu:uv-l—C'

fudv = uv — fvdu (2)

Ta dé hang s6 C ndm trong tich phan, né s& xudt hién khi ta tinh f vdu

Cong thirc (2) dugc goi 13 cong thire tinh tich phan bang phdn doan hay ldy
tich phén timg phan.

Vidu I: flna:dx

bat v = Inx,dv = dx ta co:
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du=%,v=x—>flnxdxlenx—fdxlenx—x+0.
Vidu 2: f xr’e’dr
bat u = 2%, dv = e%dx ta c6 du = 2zdz,v = e* — f:L'Qe”’dx = %" — f2xezdx.
Tiép tuc phan doan cho tich phan sau cung:
bat u = z,dv = edx ta co:
du = dz,v =e€” —>f:1:e““’d:13=xex —fe’”d:rz:l:ex —e" +C
Cudi cung ta co: foezdx = z%” —2ze" —e")+C = (2* =2z + 2)e" + C
Vidu 3: fe‘”‘ cos bzdz
bat:
u = e", dv = cosbrdxr thx du = ae®dx,v = %sin bx
I = fe‘”” cosbxdr = %e‘“ sinbxr — %fe‘“’ sin bxdx

Phan doan cho tich phan sau:

bat u = e, dv = sin bxdx thi du = ae®dx,v = —%cosbx
fe‘”' sin bzdr = —%e‘“‘ cosbz + %f@‘” cosbxdr = —%e” cos bz +%I
_l ar o _a _l az a
I—be sin bz b( pe cosbx—l—bl)
a®\ 71— 1 a (g a
(1—1— 62)I =pe (smbx + bcosbx)
7 e™(bsin bz + a cosbz)
a’® + b?

Chii y: Céc tich phan c6 dang sau dugc tinh bang phwong phap phan doan,
P(z) 1a ham da thirc.

1) f P(z)sin axdx f P(z)cosazxdx f P(z)e*dz; cho u = P(x)
2) f P(z)arcsin zdx f P(z)arccos zdx f P(z)In zdz; cho dv = P(z)dx
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§3. PHEP TINH NGUYEN HAM MOT SO HAM SO
3.1 NGUYEN HAM CUA HAM HUU TY
P(z)

Ham hiru ty la ham c¢6 dang =~ trong d6 P(z),Q(x) la cac ham da thic.

()
Néu bac cia P(z) > bac ciia Q(z) thi bang cach chia da thuc ta duoc:

P@) .. B
G

trong d6 A(z) 1a da thirc nguyén, con P(z) 1a da thuc c6 bac bé hon bac
cua Q(z).

Tinh nguyén ham cta A(z) khong c6 gi kho khan, chi viéc dung cong thirc:

.an+l

n+1+0

B(z)
Qz)

phan thire téi gidan ma ta s& trinh bay mot s truong hop don gian.

f r"dx =

Dé tim nguyén ham ciia phén thirc thuc su ta phén tich né thanh cac

1) Néu Q(z) chi c6 cac nghiém thuc va don:

Qz) = (z — a))(x — ay)...(x — a,) thi phan thuc Sg)) duoc phan tich thanh

Ax) _ A + A + ...+ A, ta tinh cac hé s6 A, 4,..., A, bing cach

Qlr) T—a xT—a T —a,

quy dong mau s0 ¢ vé phai roi dong nhat cac h¢ s6 cua da thirc ¢ hai vé.

2) Néu Q(x) cb chira mdt nghiém thuc b, bdi &, trong phan tich ciia Q(x)
c6 thira s6 (z — b)*

B(x)
Q)

Ung voi thira sé do, trong phan tich cua

s€ chtra £ phan thuc dang:

B, By

B
@—0F (@0

R R
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3) Néu khi phan tich Q(z) thanh thira s6, né cha thira s6 dang
22 + px + q voi p? —4q < 0 (tam thirc khong c6 nghiém thyc) thi thira s d6
ung véi phan thuec: % trong phan tich cta gl((g)) .

...B, ciing duoc lam nhu & phan (1)

Viéc tinh cac hé so0 A, B hoac B,.
Trong cac trudong hgp néu trén, viéc tinh nguyén ham cta phéan thic thuc
su dan t6i viéc tim nguyén ham cua cac phan thirc t6i gian co dang:

A B Ax+B 2 _
.Z'—O/’(gj b)k? 2+p$+q’p 4q<0

fxilada;:Alnlx—al+C’;

B _ _B 1 .
f(x_b)k_l_k(x_b)k1+07k¢17

A
[AriB_ _f2(2$+p)+3—
>+ pr+q

p
Af (22 + pr + q) +(B—M)f d(x-l-j)
2+ pr+gq +

= %ln(:t2 + pr+q)+

Ta xét mot s6 vi du sau:

Vidu 1: ffg__i;dx, taco 2 —x =a(x — 1)(z + 1).

Q(z) c6 3 nghiém thyc va don nén ta phan tich:

ZL’—3_A+ B n c  Alz*—1)+ Bx(x+1)+ Cx(x — 1)
—x T z—1 z+1 z(x —1)(z+1)
(A+B+C)a; +B-Cx—A

2} —x

Pong nhét cac hé s6 twong ung & hai vé, ta co:
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A+B+C=0 A=3
B-C=1 = B=-1

A=3 C=-
Vay:
;__?Zjd:c—?)fcfg— 33—1 2f —31n|xl—ln|$—1|—2ln|:l:+1|+C’

Vidu2: [ rHl g

—1)3(z + 3)
Miu s6 Q(z) c6 mot nghiém thyc, don 2 = —3 va nghiém thyc z =1 boi
A Ao e x> +1 A B C D .
3 nén ta phan tich: G-D@ i3 @17 + @=17 + 7+ 3

Khir mau sb chung:
2> +1= Az + 3)+ Bz — 1)(z + 3) + C(z — 1)*(x + 3) + D(z — 1)°
=(C+D)x*+(B—3C—-2C —3D)z*+(A+2B+C —2D)x +
+3A - 3B+ 3C — D;
Ta co:

C+D=0;B+C—-3D=1,

A4+2B+C-D=0=A=4B=3C=2D=-2;
3A—-3B+3C —-D =0.
2 4+ 1 _1 dr__ 3 dx 5 de 5 ( do _
f(x—1)3(:6—|—3)dx _QI(x—l f 2—’_32 z—1 32Jz+3"
_ 1 __ 3 )
“iz-17 8@ —n+3f4 T+

. . dx
Vi dl./l 3: fm

Mau s6 Q(z) c6 chua thira s6 22 + 1 khong c¢6 nghiém thuc nén:
g g

mzé—i—Bm—i_C 1—(A+B)JJ +Cx+ A

2+1 )
Tudsé: A=1,C=0A+B=0n"n B=-1

Il (xdﬁ fdx Inlz — %1 (> +1)+C
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Ta khong xét & day truong hop miu sd6 Q(z) c6 chua cac thira sb
(#* + pr +q)*.

Nguoi ta chimg minh dugc rang ngay ca trong truong hop d6 van tim duoc
nguyén ham ctia ham hitu ty dudi dang cac ham sb so cap. Nhu vay: Cdc ham
s6 hitu ty déu cé nguyén ham dwdi dang ham so cip.

Khi phai tim nguyén ham ctia mot ham f(z), néu ta im duoc phép dbi bién
thich hop dwa [ f(z)dz vé dang [ R(t)dt v6i R(t) 1a mot ham hiru ty dbi voi ¢

thi ta coi nhu tim dugc nguyén ham dudi dang ham so cip.

Vidy 4: [ 42 g
Ham dudi diu tich phan khong phai 1a ham hitu ty. Tuy nhién néu dung
P YERY ro 2 2 ..
phép doi bién ¢t = tg% ta co sinz = 1 +tt2 , T = 2arctgt,dr = il fttQ , ta co:
2dt /(1 _ [dt _ _ x
sma: f 2t /(1 +t2 —fT—lnltl—kC—ln‘tgg‘—kC

3.2 NGUYEN HAM MOQT SO HAM VO TY PON GIAN

N6i chung cic ham v6 ty khong co nguyén ham biéu dién dudi dang ham
so cap. O day ta chi xét mot s truong hop don gidn ma ta c6 thé dua vé ham
hitu ty dugc, hodc dua vé nhing tich phan ¢ trong bang da lap.

1) Tich phdn c6 dang [ R(zilaz +b)dx , trong d6 R(u,v) chi mt biéu thirc
hiru ty d6i voi u va v.

Tadatt" =ax +0b.

Vi du: fyid—ﬁ ditt? =z + 1thi z = % — Ldz = 3t%dt

_ 2
f\/;ﬁdfl—ft tl)gt dt =3[ (t'— it = $6° — 312+ C =

5 2
=3+ - 3@+ +C.
2) Tich phin c6 chita \Jaz® + bz + ¢ : bién ddi biéu thic dudi dau can vé
dang at* +
Vidu I:
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[ dz — [ % _ -x+%+0_ Tl
\/1—;1;—5132 = \/%_($+l ; — arcsin 5 — arcsin \/5

4
Vidu 2:

| s = [y = b+ 1 F TR
Vi du 3:

OT

\/x2+4x+10 \/x +4x+10

:éfd(x2+4:v+10 f d(z +2)
2J 2?4 42 +10 J:L’+2
= 52’ + 4z + 10 — Tln|z + 2 + a? +4x+10\+0
1 . _ 1 3
Vidu 4: f\/xQ-l—x—l—ldx = f1/(a:—|—§)2—|—zdx.
Pé tinh [ = f\/t2 + a*dt ta dung phép phan doan: dat u = vt 4+ a*,dv = dt

s __tdt .. _
thi du = W,U =t

2
f\/tz’—l—ant:tft?—l—a?—fm:
_tm ft —ft—2a+;a dt —
:N?I?—fﬁﬂiﬂmmj‘___
21 =tV + a® + o’ Inft + V£ + a?|+ C
=P+ S|+ 1 d|+C

Tu do6 ta co:
f¢ﬁ+x+um:z%ﬂwﬁ+x+1+%mh+%+dﬁ+x+Q+C
3.3 NGUYEN HAM CAC HAM LUQNG GIAC

Ta chi xét mot sd trudng hop don gian:

1) Dang [ R(sinz,cosz)dx véi R la biéu thirc hitu 1y doi véi sinz va

COST.
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Pua vé hiru ty bang cach dat ¢ = tg%.

Khl dé Sinx = 2t cCOST = 1— t2 d.fE _ th

14+ 14t 1+¢
Vi du:
2d1t2
1+t
f31nx—4cosx+5 f 2t _41—t2+5 2f2t2+8t+8
14 ¢2 14 ¢2
= [l =Lot0=-TF 10
t+2 t+2 tg5 +2

2) Dang f sin™ z cos”" xdx voi m,n la cdc so nguyén duong.
m 1é thé t = cos;

a) It nhat mét trong hai sé m,n 1é:
n 1é thé t = sin z.

Vi du:
f sin® x cos® zdx = — f sin* z cos? xd(cos ) f )2t =

= [ -2+t =-L+Z Lyyo=

7
— _%cos?’er%cosf’x—%cos?erC

b) Ca hai s6 m,n déu chan. Ta ding cong thirc ha béc:

sin?x = #;coﬁx = %;sinxcosx = %sian

Vi du:
f sin? z cos* zdx = f (sin x cos x)? cos? zdx = % f sin? 2x(1 + cos 2z)dx =
= %fsirﬁ 2xdx + %fsirﬁ 27 cos 2xdr = %f%dx + %fsin{" 22d sin 20 =
= %x — 6L451n4x -+ %siﬁ 2¢+C

3) Dang f COS MZT cOoS NTdz; f sin mzx cos nzdz; f sin mz sin nxdz

Ta dung cong thirc lrgng gidc bién d6i tich thanh tong.

Vidu:

f sin Hz sin 3zdr = % f (cos2x — cosbx)dx = 411 sin 2z — 116 sin 8z + C.
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Ta d3 xét mot sé phuong phap dé tim nguyén ham ctia mot ham sd. Ta thira
nhan rang moi ham lién tuc trén mét khoang (a,b) déu cé nguyén ham trong
khodng dé. Tuy nhién khong phai bat cir ham lién tuc nao ciing c6 nguyén ham
biéu dién duwoc duéi dang ham so cdp. Chang han cic ham

] 2 : A , A \ - R <X M |
SIMT.COST .o~ 1 — k?sin? z,v,v...khong co6 nguyén ham biéu dién bang ham
T ' x

so cap. Dé tim nguyén ham cua chiing ta phai dung cac phwong phap khac.
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BAI TAP

9.1 Dung cac tinh chat va bang nguyén ham tim nguyén ham cta cac ham sé

sau:

1 (25 + 1) 2. & 43wtl 3. 2" — ¥z 4.3%¢"
5132 102 L 1

> 2 +1 6. sin 2 7. 1+ cos2zx

9.2 Dung cac phép thé (d6i bién) don gian tinh cac tich phan bat dinh sau :

1. fcos(a:z: +b)dx 2. fe%dx 3f2dex
sin 2z
4. fl + cos2x
5. [—dz_ 6.fcotgmdx 7. aNz? — ldx 8.
rlnz
farcsm:z: di
N
9.3 Tinh bang phép thé:
_dr _dxr dz
T+ 1 2.f:c\/:c—|—1dx 3'1—|—§/x_+1 4, e

zdx dz dz dz
S. f /az — 72 6'fm2 /ZL’2 — g2 7. fx ,1—}—372 8. COSZ

9.4 Tinh bang phép phan doan:

1. f xarctgrdz 2. f x1n zdx f arcsmx dx
4. fa;2 sin zdx 5. f\/m2 + a’dz 6. f @ -I—a

9.5Cho [, = f cos” zdx . Lap cong thuc lién hé gitra I, va I,

9.6 Tim nguyén ham cac ham hiru ty:

z! -|-2:z: x x? T
L. 2 4+1 2'x2+3x+2 3'51:2+4:l:+5 4'303—8
x3 —l—x—i—l 1 1
> T —81 6. (2% — 2z)? 7 zt 41

9.7 Chirng minh rang c6 thé tinh I, = f @21—%&2)” theo cong thirc:
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— 1 z 12n—-3 R :
In_20,2(n—1).($2—{—a,)n 1+ 2277/ 2]7, 1Apdungtlnl1[3

; 3z + 2
9.8 Tinh f($2 22 1+ 10) dx

9.9 Tim nguyén ham cdc ham vo ty.

1 T 2. T 3. —2t3
1—vz Y3 11 Vaz? +4r + 3

Vo2 4+ +1

5 1 1

. 6.
V2 — 32 — 422 b — 22 + 1

9.10 Tim nguyén ham cua cac ham lugng giac:

1. sin’x 2. sin’xcos’x 3. % 4.
sin® x cos® x

SInT — cosx

ST + cosx

1 . . 1
" costx 6. sinxsin3x 7. 4sinx + 3cosz + 5

sinz + sin® z)
cos 2x

9.11 Tinh hai tich phan:
A= f cos xdx

cosz + sinz

B— f sin zdx

cosz +sinz

g. L

9. coszcosLcosL
2 4

9.12 Tinh céc tich phan:

L [tg’zde 2 [o¥(1-a?fde 3. [LC8Lgy
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CHUONG 10
TiCH PHAN XAC PINH

§1. DIEN TiCH HINH PHANG, PINH NGHIA TiCH PHAN
1.1. BAI TOAN DIEN TiCH HINH THANG CONG
Viéc tinh dién tich mot hinh phang dya trén nguyén tic sau:
a) Dién tich cé tinh khéng am: A la mét hinh phang thi dién tich cia A>0.
b) Dién tich cé tinh cong dwoc: néu A, B la hai hinh khéng c¢é phan chung
(ANB=¢) thi: Dién tich (AU B )= Dién tich (A) + Dién tich (B)
¢) Hinh vudng cé canh bang 1 thi ¢é dién tich bang 1.
Nhu vay dé tinh dién tich mot hinh phang bat ky, ta ¢6 thé chia hinh d6 thanh
nhiéu hinh vuéng va cac hinh dic biét 1a cic tam giac cong hodc hinh thang
cong. Vi tam giac cong chi 12 mot truong hop dac bi¢t cia hinh thang cong, nén
ta d4t van dé tim dién tich hinh thang cong.
Hinh thang cong:
Trong hé toa d0 vudng goc zO0y, ta xét of

mot hinh gidi han béi duong cong lién tuc
y = f(z), truc Oz, cac duong thang = =a,z =b
(ta gia thiét f(z) >0 trén [a,b]).

Truong hop dac biét, duong cong y = f(z)

P

o]TTlé&é
.
.
7
/)

///

c6 thé ¢t truc Oz tai x =a hodc z=0.

Mot hinh nhu vay duoc goi 1a mot hinh O
thang cong. Hinh 32
Dién tich hinh thang cong:

Pé tinh dién tich hinh thang cong ta lam nhu sau: chia hinh thang cong d6

IS

b

thanh n dai con (hinh 32), coi mdi dai con c6 dién tich Xép xi dién tich mot hinh
chit nhat. Nhu vay téng dién tich cua n dai hinh chir nhat d6 s€ cho ta mdt gia
tri gin ding cua dién tich hinh thang cong.

Cu thé, ta lam nhu sau: chia doan [a,b] thanh n doan con bang nhau, mdi

b—a
n

doan c6 do da1 Ax = , ta c6 céac diém chia:
T, =a, T, = T, +AZ,..., T, =T, +nLx =Db
Trong mdi doan con th 4 (i =1,2,...,n) ta chon mot diém tuy y &,. Tich

f(&).Ax cho ta dién tich hinh chit nhat c6 cac canh 1a f(&) va Az, va ta coi no

Bo6 mon KHCB 169 Gido trinh todn cao cap 1



xap xi voi dién tich dai con tht . Nhu vay tong:
f(&)-Ax + f(€2) VAX e f(fn)Ax = Z:l:lf(fz)Ax
ctia n dién tich hinh chi nhat s& cho ta gi4 tri gan dung cuia dién tich hinh thang
cong. Ta thdy rang néu n kha 10n, tirc 13 Az kha bé thi két qua cang chinh xéc.
Vi vay:
Néu téng trén co gioi han khi Ax — O thi gioi han do dwoc goi la dién
tich S cua hinh thang cong da cho.

S:ii%if(g).m (1.1)

Ta thira nhan rang, néu ham £ lién tuc trén [a,b] thi gidi han trén ton tai,
tuc 1a hinh thang cong da xét c6 dién tich.
Vi du: Tinh dién tich ctia hinh gidi han bdi duong parabol y = 22, truc Oz, cac
duong z=0,z=1.
Chia doan [0,1] ra 1am n doan con bang nhau béi cac diém chia:
r, =L i=1n
n

Chon diém chia ¢ 1a diém mut phai ctia mdi doan § =L, i=1n.
n

Taco: f(§)=¢& = (i)Q Vh AT :%

Nén: Zf( )Ax_( +2 4. +n) 1_124224...4p?

3

n n n
Tadibidt: 12422 4.4 p2 =t +1)
6
r dé +1)2n+1) 1
Tu do: lim & )Ar = lim n(n 1
AxﬁO;f( ) n—00 677;3 3

Vay dién tich hinh phai tim 1a 1 /3 don vi dién tich.
1.2. PINH NGHIA TiCH PHAN XAC PINH
Gia sir y = f(z) 1a mot ham xac dinh trén [a,b]. Ta chia doan [a,b] ra lam
n doan con béi cac diém chia: 7, =a <z, <..<x, =b.
LAy trong mdi doan con [z, ,,x,] mot diém & tuy y va

bat Az, =z, —z, .

lap tong:
>_f(&)a, (1.2)
=1
Tong (1.2) duogc goi 1a tong tich phin ciia ham f(z) iy trén doan [a,b].
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Dinh nghia: néu do dai 1om nhdt trong cdc Az, dan t6i 0 ma tong tich phan
(1.2) co gidi han khong phu thugc vao cdch chia doan |a,b] thanh n doan con
ciing nhw cach chon diém § trong méi doan con thi gidi han dé dwoc goi la tich

phaén xdc dinh cia ham f(z) ldy trén doan [a,b].
b
Tich phan xac dinh duoc ky hiéu la: f f(x)dx
voi f 1a dau tich phan, a 13 can dudi cia tich phan, b 14 can trén, f(z) 1a ham

s6 du6i diu tich phan, f(z)dz 1a biéu thirc dudi déu tich phan (d6 1a biéu thirc vi

phan), = 1a bién sb 14y tich phan.

Nhu vay theo dinh nghia:
b n
Jf@)de=lim 3Cf(E)ax, (1.3)
o maxAz; —0, ¢

Theo bai toan tinh dién tich hinh thang cong ¢ trén thi:
b
Neu f(x)>0 trén [a,b] thi f f(x)dx cho ta dién tich hinh thang cong gidi

han boi cdac duong y= f(z),y=0,x =a,z=>. DS 1a y nghia hinh hoc cta tich
phén xéc dinh.

Ham f(z) ma véind gidi han (1.3) ton tai duoc goi 1a kha tich trén doan
[a,0].

Ta thira nhan dinh 1y sau:
Dinh Iy: néu ham f(z) lién tuc trén [a,b] thi né kha tich trén do.

Tong quét hon, néu ham f(z) co trong [a,b] mdt s6 hitu han diém gian
doan loai mot (ta con goi ham f lién tuc tung khuc) thi n6 kha tich trén [a,b].
Chit y 1: khi dinh nghia tich phan xéac dinh trén [a,b] ta d4 gia thiét a <b.

Néu a > b ta dinh nghia: j” f@)dz = — [ f(z)dx

b

b
Néu a =b thi: [ f(z)dz=0

b
Chut y 2: trong tich phan f f(x)dz thi z 1a bién s6 tich phan. Tuy nhién ta c6 thé

dung mot chir bat ky nao khac dé ki hiéu bién s tich phan ma khong anh hudéng
t61 gid tri cua tich phan. Nhu vy ta c6 thé viét:
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}f(x)d:z: = ]f(t)dt = }f(u)du =..

1.3. CAC TINH CHAT CUA TiCH PHAN XAC PINH
Dua trén dinh nghia cta tich phan xéac dinh va cac phép tinh vé gi6i han,
ta c6 thé chimg minh duoc:
Néu cic ham f(x),g(x) kha tich trén [a,b] thi cac ham f(z)+ g(x),k.f(z) véi
k la hang so ciing kha tich trén [a,b] va:

b

1@ + o)z = [ e+ [ glz)de
}kf(:z;)d:v = k} f(x)dz

Néu ham f kha tich trén cdc doan [a,c], [c,b] thi né ciing kha tich trén [a,b]
va:

b

f f(x)dx = ] f(x)dx + ] f(x)dx

Néu f(z)>0 trén [a,b], a <b thi ]f(x)dx >0

Tir tinh chét 3 va | ta suy ra: a

Néu f(z)> g(z) trén [a,b] thi j f(x)dx > j g(z)dzx

Néu m va M la gid tri nhé nl:cft va lon n;zdt cia ham f(x) trén [a,b] thi:
m(b—a) < ]f(:r)dzz: <M(b—a)

That vay, ta c6 m < ;(:1:) < M nén tir tinh chét 4 va 1 suy ra:

m}daz < jf(x)dx < Mffd:z:

b n )
theo dinh nghia tich phan x4c dinh thi: [dz=1im Az, =b—a (tong cac
o i=1

doan con chinh 1a d6 dai doan [a,b])
Vé mdt hinh hoc:
Tinh chat 3 no6i 1én rang dién tich 1a mot s6 khong am.
Tinh chat 4 no6i 1én rang: néu f > g thi dién tich hinh thang cong gi6i han
boi f s€ khong bé hon dién tich hinh thang cong gidi han boi g.
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Tinh chat 5 néi rang: dién tich hinh thang cong kep giita dién tich hinh
chir nhat noi tiép va hinh chir nhat ngoai tiép (hinh 33a).

y /- 2
. T A B
A E ¢

: P :

1 F I

A ! ¢ :

! N :

M m |
O a b Oé____{f_b___}:_(_cf(_)?--;. "

Hinh 33

Dinh Iy vé gid tri trung binh:
Néu ham f lién tuc trén [a,b] thi c6 it nhat mot diém c € [a,b] sao cho:

b
| f@)dz = f(¢).(b—a)
Chitng minh: ham f c6 gié tri nho nhat m va M trén [a,b]. Theo tinh chat 5:

m(b—a)< jf(x)dx <M(b—a)

1

hay véi a <b thi: m <
b—a

flx)de <M

8 —

b
Pat 1=+ L[ f(a)dz thi m << M.Ham f lién tuc trén [a,b] nén no
_a/ .

nhan moi gié tri gitta m va M . Nhu vay ton tai ¢ € (a,b) dé f(c) = p. Tir d6

suy ra cong thirc phai chung minh.
b
Gid tri f(c)= bL [ f(@)dz dugc goi la gid tri trung binh ciia ham f
)

trén doan [a,b].

Y nghia hinh hoc: dién tich hinh thang cong bang dién tich hinh chit nhat
c6 cung day [a,b] véi hinh thang va dwong cao bang gid tri trung binh ciia ham
trén doan [a,b], ticc la f(c) (hinh 33b).

§2. TICH PHAN XAC PINH VA NGUYEN HAM
Trong chuong 9 ta dd dua ra khai niém tich phdn bdt dinh cia mot ham f
1a mot tap hop moi nguyén ham cua ham sé f d6. Trong chuong nay ta c6 khai

niém tich phdn xdc dinh cia moét ham f 1a giGi han ciia tong tich phdn cia ham
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f trén doan [a,b], ca hai khai niém déu c6 chung mot phan tén goi 1a tich phan
va c6 chung ky hiéu . Trong muc nay ta s& dua ra moi lién hé giira hai khai
ni¢m do.

2.1. PAO HAM CUA TiCH PHAN XAC PINH THEO CAN TREN

Xét tich phan f f(t)dt co cantrén la 2. Néu z bién thién trong mot mién

[a,b] thi gid tri cua tich phan trén s€ phu thudc vao x. Nhu vay ta c6 mot ham:

7 — ®(x) = [ f(#t)dt xc dinh trén [a,].

Dinh Iy: néu ham f lién tuc trén doan [a,b] thi ' (z)=] f f)dt], = f(z).

Noi cach khac, néu ham duwdi ddu tich phan lién tuc trén doan lcfy tich
phan thi dao ham cia tich phan xdc dinh theo cdn trén bang ham sé duéi ddu
tich phan, trong dé bién sé tich phan dwoc thay bang cén trén.

Chitng minh: ta 1ap s6 gia A® cua ham
T+AT T

2 =O(z+ar)-B(z)= [ f(t)dt— [ f(t)dt

T+AT T T+AT

fodt+ [ fedt— [feydt= [ fe)dt

x

s S—

T+AT

O day ta da dung tinh chat 2 dé phan tich tich phan [ f(t)dt thanh hai

tich phan.
Bay gio ta ap dung dinh 1y vé gia tri trung binh cho tich phan cudi clng:
do ham £ lién tyc nén ton tai ¢ € (z,z +Az) tic 1a 2 < ¢ < z+Az sao cho:

T+Ax

AD(z) = f f@)dt = f(c)rx

Tu do i—q): f(c); khi Ax — 0 thi ¢ — x, ham f lién tuc nén f(c) — f(x).
T

Vay: lim &2 — f(x) hay @'(z)= f(z).

2z—0 A
Dinh 1y da dugc chirng minh.
b z b
Chiiy: do [ f(t)dt=—[ f(t)dt nén [[ f(t)dt], = —f(x).
z b z

2.2. CONG THUC NEWTON-LEIBNIZ
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Dinh ly: néu f(x) la mét ham lién tuc trén [a,b] va F(x) la mot nguyén ham ciia

no thi
}f(a:)d:t; = F(b)— F(a) (2.1)

gia tri cua tich phan xdc dinh cua ham f bang hiéu cac nguyén ham F cua f
lay tai cac can cua tich phan.

Chitng minh: Theo dinh Iy ¢ muc 2.1 thi ham &(z) = f f(t)dt cling 1a mot

nguyén ham ctia ham f(z) nén theo tinh chat ciia nguyén ham thi hai ham ®(z)
va F(z) cta f(z) chi sai khac mot hang s6 C': ®(z)— F(z)=C

Cho z=a thi ®(a)= f f)dt=0;nén C =—F(a); P(x)— F(z)=—F(a).

b

Cho z=b thi ®(b)= [ f(t)dt; nén j f(t)dt — F(b)=—F(a)

Hay: f ft)dt = F(b)— F(a)

b
Viét voi bién so z thi f f(x)dz = F(b)— F(a) . Dinh ly dugc chirmg minh.

Cong thuce (2.1) dugc goi 1a cong thirc Newton-Leibniz.

Cong thire d6 ¢6 mdt vai trod quan trong trong toan hoc: nd cho phép ta
tinh dugc tich phan xac dinh nhd nguyén ham ma khong can phai lay gii han
ctia tong tich phan.

Dé tinh tich phén xdc dinh ciia ham | trén [a,b] ta chi viéc tim mot

nguyén ham F' cua no roi ldp hiéu cua F tqi b va tai a :

| fayde = F@|l = Fo)— Fla)

Vi du 1: ta tro lai bai toan tinh dién tich hinh phang gi6i han béi duong cong
y=1z?, truc Oz, cac duong =0,z =1 danéu 6 muc 1.1. Ta co:
Sztlfﬁdxz‘ﬁ{l =1l =1
0 3l 3 3
Vi du 2: tim gia tri trung binh cia ham f(z) =sinz trén doan [0,7].
Theo dinh 1y vé gia tri trung binh (tinh chat 6, 1.3) thi:
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™

:lfsinxda::l(—cosx) :—l(COSﬂ'—COSO)Zz
7r

0 ™ v

§3. HAI PHUONG PHAP TiNH TiCH PHAN XAC PINH

Theo cong thirc Newton-Leibniz, viéc tinh tich phan xac dinh dua dén
viéc tim nguyén ham. Vi vay ta co thé sir dung cac phuong phéap da biét ¢
chuong 9 dé tim nguyén ham, cu thé 1a cac phuong phap bién doi bién sb va
phan doan. O day ta s& trinh bay cach ap dung cac phuong phap dé vao tich
phén xéc dinh.
3.1. PHEP BIEN POI TRONG TiCH PHAN XAC PINH

Néu f(x) la mot ham lién tuc trén [a,b], = =@(t) la mét ham xdc dinh va

c6 dao ham lién tuc trén [, 3] voi p(a) = a, o(B) =0 thi:

[ f)dz = [ fioe) @)t 3.1)

b
That vy, néu F la nguyén ham cua f thi: [ f(z)dz = F(b)— F(a)

Theo cong thirc d6i bién trong tich phan bét dinh ta co:

[ fa)dz = [ flo(e) o/t
[ fle(t) (63t = Flie()] — Flp(a)) = F(6)— Fla)

Tt d6 suy ra cong thue (3.1).

Nhu vay, khi thyc hién phép d6i bién trong tich phan xac dinh, dong thoi
v6i viée bién doi biéu thirc dudi ddu tich phan ta bién ddi cac can 1y tich phan
theo bién s méi, sau khi 4p dung cong thirc Newton-Leibniz ta duoc ngay gia
trj ctia tich phan ma khéng phai tré vé bién cii nira.

Vidu 1: tinh I = f\/a2 —z?dx
0
Phép d6i bién = = asinz théa man cac diéu kién cia quy tic doi bién da

néu trén doan . Ta cé: a® —2* = a*(1—sin*t) = a® cos?t, dr = acostdt . Néu

OE
"2

r=0thi t=0;z=a thi sintzl,t:g.Dodé:

% % 74 : ;
I= L{acost.acostdt:aQ{cos%dt:%{ (1+cos2t)d —%(t—l—%sin%)
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Ciing nhu trong tich phan bat dinh, cong thire (3.1) ciing dugc ap dung toe
chiéu nguoc lai, nghia 1a ta c6 thé ding phép thé ¢ = ¢(z).

W2 .
Vidy 2: tinh [ = [—SILL_gy
o L+cos“z

Dit t = cosz thi dt = —sinzdz; =0 thi t=1; x:g thi t=0.

0 1
—dt dt !
I= = =arctgt| =1L
11 e [ 1+ 5 Ty
Tich phdn ham chén hay 16 trén mét khodng doi xirng qua O:
Gia st phai tinh: [ = f f(x)dz

Trong d6 ham f(z) 1a ham chin hodc 18 trén [—a,a]

I= jf(x)dx = jf(x)dx + jf(x)dx

Ta dbi bién z = —¢ trong tich phan giira:

[ f@yde=—[ f-tyde= [ f-tydt = [ f(—o)ia

(ky hiéu lai bién s6 tich phan ¢ tich phan tht ba bang )

a

I= [ f(-a)dz+ [ f@)dz = [[f(~z)+ f(z)lda

0
Néu ham f(z) 1a ham 1¢ trén [—a,a] thi f(—z) = —f(z) nén
f(=z)+ f(x)=0.Taco I =0.
Néu ham f(z) 1a ham chén trén [—a,a] thi f(—z)= f(z) nén

f(=2)+ f(z) =2f(z). T do:
I= 2ff(a:)da:

0
0 khi f 1&

Tom lai: f Jwyde = 2[ f(z)dz  Khi f chin

0

Vidy: [sinzdz=0 viham sinz 1a ham ¢,

-7
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/2 /2
f cosxdr = 2f cosxdr =2sinz

—7/2

S m:
1\3

Tich phan ham tudn hoan
Ham f xé4c dinh trén R 1 ham tudn hoan véi chu ky 7' néu
flx+kT)= f(z) véi moi z € R va k nguyén.

a+T

Taxét: [ = f f(x)dz

Doi bién z =z —T trong tich phan dau ¢ vé phai.
a+T

ff da:—ffz— dz-ff —ff(:r)dx
Vay: [= aj“Tf d:r:+ff dm+aff j’f(x)dx

a+T
Ta co: f fx)dz = f f(x)
Tich phén ciia ham tudan hoan ldy trén doan c6 d dai bang chu ky thi
khéng phu thudc vao goc cia doan ldy tich phan.
3.2. PHEP PHAN POAN TRONG TiCH PHAN XAC PINH
Néu u va v 1a cic ham c6 dao ham lién tuc trén [a,b] thi:

judv =l —]vdu (3.2)
b

That vay, ta c6: uv /= fd uv) = f (vdu 4 udv) = fvdu + 7udv

a

Tt d6 ta dugce cong thic (3.2).
2
VidyI: 1= [Inzdz
1

bat u =Inz,dv=dzx, ta co: du:d—x, vV=1.

z
I=zlnzx ‘f—jd:ﬁlenQ—l
1

m/2

Vi dy 2: 1ap cong thitc tinh I, = [ sin"zdz;n € N
0

bat v =sin""'z,dv=sinzdz thi du=(n—1)sin" *z.coszdx, v=—cosz.
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/2
+(n—1) f sin"? z cos? xdx

0

Thanh phan dau vé phai bang 0 khi thay = boi % va 0, thay cos’z =1—sin’z

el Qj ‘77/2

I = —coszsin 0

n

trong tich phan vé phai ta duoc:
/2 /2

I =(n-1) f sin"?zdzx —(n—1) f sin” zdx
0 0

Tu do: I =(n—=1DI ,—(n—-1I,

n—

Hay: [ =n=1
n
Ta duoc cong thirc truy chimg cho phép tinh 1, néu biét I, .
Pé tinh I vé1moi n ta can tinh I o val ri 4p dung cong thirc trén.
/2 /2
Iozfdng; Iozfsinxdle
0 0

Nhu vay ta s€ tinh dugc I, vo1 moi n nguyén duong, chang han:

1 T
2270 ¢
g:%g:%
[,=3,=31;-31lx
472 49 4272
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